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1. INTRODUCTION

The modified Dickson polynomaials

[n/2] .
Zo(ga) = 3 " (”‘.J)<—a>fy["/2]—f 1)

j=0 P TIN
were defined and studied by P. Filipponi in the case a = 1 in [1], where several identities
and congruences were established. In this note we generalize some of those theorems and

present some new properties of these polynomials. One basic result is ([1], Proposition 2),

which states that if p is an odd prime and k is an integer, then

Zy(k,1) = (klp) (mod p), (1.2)

where (k|p) is the Legendre symbol. The generalization is as follows:

Theorem 1. If p is an odd prime, a, k are integers, and m, r are positive integers, then
Zmpr(k,a) = Hy (k) - Zyypr—1(k,a) (modp"),

where

1, if m is even,

Hn (k) = { (klp), if m is odd.

We will deduce this from a corresponding congruence for these polynomials in the
polynomial ring Z[y, a], and present a few applications thereof in the next section. We give
an analogous definition of modified Dickson polynomials of the second kind and give some
identities, recurrences, and congruences for them in section 3. We conclude by describing

a compositeness test based on Theorem 1 in the last section.

2. CONGRUENCES FOR MODIFIED DICKSON POLYNOMIALS



The (usual) Dickson polynomials D, (z,a) are defined for n > 0 by

Dy(,a) = [iji] — (”]_.j>(—a)fxn—2j (2.1)

(cf. [2]), with the convention that Dg(z,a) = 2. They may also be defined as the expansion

coefficients of the rational differential form

dP = L dT
- == ;Dn(;ﬁ,a):r — (2.2)

where P(T) =1 — 2T + aT? ([5], eq. (1.6)), and they satisfy the functional equation

a

D, (u—l—%,a) =u" + (—)n (2.3)

U

By comparing (1.1), (2.1), we see that as polynomials in y and a,

D (91/2 a) if n 1s even
Zn(y,a) =3 a0 o P ’ 2.4
(v:2) { y_l/an(y1/2,a), if n is odd (2.4)

(cf. [1], eq. (1.2)). We have the following congruence for the polynomials Z,(y, a).

Theorem 2. If p is an odd prime and m, r are positive integers, then the congruence
Zmpr(y,a) = Hm ' Zmp”_l(ypaap) (mOdprZ[yaa])

holds in the polynomial ring Z[y, a], where

if m is even,

1,
Hm = {y(p_l)/2, if m is odd.

Proof. In ([5], Theorem 2) we showed that the congruence
Drpr(2,0) = Dpypr—1(2P,aP)  (mod p"Z[z, a)) (2.5)
holds in the polynomial ring Z[z, a]. Replacing the indeterminate = with y'/? yields

Dy (yl/Z, a) = Dmpr—l(yp/27 a?)  (mod pTZ[yl/Z,a]), (2.6)
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where y?/? is defined to be (y'/?)P. By (2.4), this gives the result for even m, since both
sides of the congruence (2.6) lie in Z[y, o] in that case. For odd m, we divide both sides of

(2.6) by y'/? to obtain the congruence
Y 2 Dopr (y'/?,a) = 4 P72 (y TP Dy e (yP2 aP))  (modp”Zly, a]), (2.7)

both sides of which now lie in Z[y, a]. Comparison with (2.4) now gives the result for odd
m.

Theorem 1 may be obtained directly from this as follows.
Proof of Theorem 1. Let a, k be integers, and consider them as elements of the ring Z,
of p-adic integers. For an element u of Z,, the Teichmiiller representative @ of u is defined
to be the unique solution to x? = x which is congruent to u modulo pZ,; it is also given
by the p-adic limit @& = lim,_ oo u? . Observing that a? = a, k? = k, and k(»=1/2 = (k|p),

we evaluate the polynomial congruence of Theorem 2 at y = ]AC, a = a to obtain
Zmpr (k@) = Hyn (k) - Zppr—1(k, @)  (mod p'Z,), (2.8)

where H, (k) is as defined in the statement of the theorem.
Now from the second statement of ([5], Theorem 3) applied with + = 1, n = 1, and
K = Q,(Vk), it follows that

~

Dppr (KY?,a) = Dppr (EY%,3)  (mod np"O ) (2.9)

for all r, where (7) is the maximal ideal in the ring of integers O of the field K. For m

even, comparison of (2.8) and (2.9) yields
Dy (k‘l/Q, a) = DmpT_1(k1/2, a) (modrwp " 'Ok), (2.10)

but both sides of this congruence are integers, so it must hold modulo p"Z. In this case

the theorem then follows by comparison with (2.4).
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If m is odd and k # 0, multiplying both sides of (2.8) by k'/2 yields
Doy (EV%,6) = (K|p) - Dpppr—1 (E'/%,8)  (mod p"O ). (2.11)
Comparison with (2.9) shows that
Doy (K%, a) = (k|p) - Dpppr—1 (KY/?,a)  (mod 7p" ' O ), (2.12)
and then dividing by k'/? yields
Zpr (kya) = (k|p) - Zmpr—1(k,a)  (mod mp™ 'O ), (2.13)

but again both sides of this congruence are integers, so it holds modulo p"Z, proving the
theorem in that case.

Finally, when k& = 0 and n is odd we have the identity Zn(0,a) = (—a)("=D/2 . p (cf.
[1], eq. (2.7)), so that Z,,,»(0,a) = 0 (mod p") when m is odd. Combining this with (2.9),

we see that in this case we also have
Zmpr(k,a) = Hy (k) - Zipr-1(k,a) (mod " T OK), (2.14)

but again both sides are integers, proving the theorem.
Remarks. Perhaps the most interesting feature of these theorems is that while the “special
element” H, depends on y and on the parity of m, it does not depend on a. For example,

taking m = 1, r = 1 in Theorem 1 and observing that Z;(y,a) = 1 yields
Zp(kaa) = (k‘|p) (IIlOd p)7 (215)

of which Filipponi’s result (1.2) is a special case; indeed it is evident from (1.1) that
Zy(k,a) = KP=1/2 (mod p) for all a. In section 4 below we propose a compositeness test
based on (2.15).

One also obtains interesting congruences by combining Theorem 1 above with Filip-
poni’s multiplication formula ([1], eq. (3.6)). For example, for n even the h = 3 case of
Filipponi’s result is the identity

Zan = Z) — 32, (2.16)
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(cf. [1], eq. (3.5)), where Z, = Z,(k,1). Putting n = m - 3" with m even, from Theorem
1.1 we obtain Zs, = Z,, (mod 3"t!); combining this with (2.16) yields Z,(Z2 —4) =0
(mod 3"T1). Tt follows that if n is even and divisible by 3", then Z,, is congruent to either
—2, 0, or 2 modulo 3", A similar but slightly more complicated result holds for n odd.
Many other such results may be similarly obtained.

We conclude this section with a generating form and recurrence for the Z,,(y, a), which
provides an efficient means for generating the sequence and for obtaining identities.
Theorem 3. For n > 0 the polynomials Z,(y,a) may be obtained as the expansion

coefficients of the rational differential form

ZZ T (1—(2a—y)T aT? —2a*T?)dT
Y4 1+ (2a —y)T? + a®>T*

Consequently, the sequence Z, = Z,(y,a) is given by the recurrence
Zo=2, Zy=1, Zy=y—2a, Zs=y—3a, and Znyo=(y—2a)Z, — a’Z,_s.

Proof. Use (2.4) to write the power series

Z ZnTn—l — —1/2 ZD 1/2 Tn 1 + (_T)n—l)
=l (2.17)
4= ZD 1/2 Tn 1 (_T)n—l)

as the sum of an even function of 7' and an odd function of T'. Then from (2.2) we obtain

Szt f = (AR 0 PED) . eas)

where P(T) = 1—y'/?T +aT?. Expanding and simplifying (2.18) yields the first statement
of the theorem. The recurrence follows by multiplying both sides by 1+ (2a —y)T? + a*T*

and equating coefficients of 7" dT'.
3. MODIFIED DICKSON POLYNOMIALS OF THE SECOND KIND.



The Dickson polynomials of the second kind E,(z,a) are defined for n > 0 by

En(z,a) = [2/2] <” ]_ j) (—a)iz"=% (3.1)

(cf. [2]). They may also be defined as the expansion coefficients of the rational differential

form

% = Z E,(z,a)T" dT (3.2)

where P(T) = 1 — 2T + aT? ([5], eq. (4.4)). By way of analogy with (1.1) we define the
modified Dickson polynomials of the second kind Yy, (y,a) by
/2, j ‘ ‘
AVED S (I [CAE R (3.3)

=0 7

Comparison of (3.1), (3.3) shows that as polynomials in y and a,

E (91/2 a) if n is even
Yn 5 = " P . . ’ 4
(v,2) {y_l/ZEn(y1/2,a), if n is odd. (3.4)

From this definition we deduce the following generating form for the polynomials Y, (y, a).
Theorem 4. The polynomials Y, (y,a) may be obtained as the expansion coefficients of
the rational differential form

(1+T +aT?)dT
14 (2a —y)T? + a>T*

io: Yoly,a)T" dT =

n=0

Consequently, the sequence Y,, = Y,,(y,a) is given by the recurrence
Yo=1, Yi=1 Yo=y—a, Ys=y—2a, and Y,yo=(y—2a)Y, —a’Y,_.

Proof. Use (3.4) to write the power series ) Y, (y,a)T" as the sum of an even function

of T and an odd function of 7. Then from (3.2) we obtain

Y Yaly,a)T"dT = % ((1 + y_l/z)% +(1- y_l/Z)%> : (3.5)

n=0
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where P(T) = 1 —4'/2T + aT?. Expanding and simplifying (3.5) yields the first statement
of the theorem. The recurrence follows by multiplying both sides by 1+ (2a —y)T? + a*T*
and equating coefficients of 7™ dT.

The generating functions for Y,, and Z, may be used directly to deduce several iden-
tities relating them to D, and E,,, some of which we record here.

Theorem 5. In the polynomial ring Z[y, a| we have the identities

(1) Yom—-1(y,a) = Epm—1(y — 2a,a*) form > 0,

(17) Zom(y,a) = D (y — 2a, a?) form >0,

(vit) Yom(y, @) + Zam+1(y,a) = 2En(y — 2a,a*) form > 0,
(1v) Yom(y,a) — Zam+y1(y,a) = 2aEn 1 (y — 2a,a2) form > 0.

Proof. For (iii), use Theorems 3 and 4 and equation (3.2) to write

o0

Y (Yot Znpr)TmdT =

n=0

2dT
1+ (2a —y)T? + a*T*

+ (odd function of T') dT

oo (3.6)

=2 Z En(y — 2a,a*)T*™ dT + (odd function of T) dT.
m=0

Equating coefficients of T2™ dT gives the result. The other parts are similarly obtained.
Remarks. Replacing y with y? in (ii) and using (2.4) yields the n = 2 case of the familiar

composition formula

Dmn(yaa) :Dm(Dn(yva)van) (37)

for the usual Dickson polynomials. An analogous formula

Eym-1(y,a) =y - Em—1(D2(y,a),d”) (3.8)
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is similarly obtained from (i). Similar composition formulae for E3,, and Dgp,41 may be
obtained by combining (iii) and (iv) and replacing y with y?.

Another set of identities relating the polynomials Y,, and Z,, may be obtained from
the observation that the characteristic polynomial 1+ (2a —y)T? + a*T* is invariant under
the transformation a — —a, y — y — 4a, as follows.

Theorem 6. If m is a nonnegative integer we have, as identities in the polynomial ring

Zly, al,

(1) Zym+1(y — 4a, —a) = Yam(y, a),
(i) Zym(y —4a,—a) = Zym(y, a),
(1) Yom(y — da, —a) = Zamt1(y, a),
(iv) Yom+1(y —4a, —a) = Yom41(y, a).

Proof. Using the generating form from Theorem 3, we compute

> dT 1 —(2a —y)T + aT? — 2a2T?)dT

$° 20ty - o —agre T _ (=G0 o1 20T

— T 14+ (2a —y)T? + a®T*
B (—(2a—y)T—2a2T3)dT (1 —I—CLT2)dT
14+ (2a — y)T? + a®T* 14+ (20 —y)T? + a’T4’

(3.9)

Noting that the even part of this form agrees with the even part of the generating form for
Y, from Theorem 4, and the odd part of (3.9) agrees with the odd part of the generating
form for Z, from Theorem 3, gives results (i), (ii). Repeating the argument starting from
the generating form for Y,, from Theorem 4 gives (iii), (iv).
Remark. Parts (i) and (iii) of this theorem are equivalent.

Finally, we will use the results of Theorems 5 and 6 to give an analogue of Theorem

1 for the values of the polynomials Y.



Theorem 7. If p is an odd prime, a, k are integers, and m, r are positive integers, then

Yopr—1(k,a) = Gu(k) - Yippr-1_1(k,a)  (mod p”),

where
| (k(k —4a)|p), if m is even,
Gm (k) = { (k — 4alp), if m is odd.
Proof. First suppose m = 2j is even. From Theorem 5(i), we have Yy, ,r—1(k,a) =

Ejpr_1(k — 2a,a?) for all r > 0. Using the congruence
Ejpr—1(z,a) = (2* — 4alp) - Ejpr—1_1(z,a) (modp") (3.10)

([5], Corollary C; [4], Corollary 1(i)) with z = k — 2a and a replaced with a* yields the
result for even m.

If m is odd, then mp” — 1 is even for all r > 0, and from Theorem 6(i) we have
Yipr—1(y, @) = Zmpr (y — 4a, —a). The result in this case then follows from the odd m case
of Theorem 1.

Remarks. While it is possible to prove a polynomial congruence which holds modulo
p"Zly,a] (analogous to Theorem 2) for the Y,,, the resulting congruence is rather inele-
gant due to the cumbersome “lifting of Frobenius” involved (cf. [5], Remark A.2, p.43).
However, the “mod p” case of this congruence may be stated rather simply: If p is an odd

prime and m is a positive integer, then the congruence
Yip—1(y,a) = G - Y1 (y?,a?)  (mod pZly, a]) (3.11)

holds in the polynomial ring Z[y, a], where

(y(y —4a))P=D/2 if m is even,

Gm = { (y — 4(1)(1’_1)/2, if m is odd. (3.12)

For m even, this follows from Theorem 5(i) and ([5], Theorem 5); for m odd it follows
from Theorem 6(i) and the odd m case of Theorem 2. In particular, the special case m =1

yields the congruence
Yp1(y.a) = (y —4a)?"V"  (mod pZly. a)), (3.12)
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and the case m = 2 yields
Yap-1(y,a) = (y(y — 4a))P~D7  (mod pZ[y, a)). (3.13)

4. A COMPOSITENESS TEST.
The congruence (2.15) furnishes a compositeness test which contains the usual Dickson
polynomial test and the Solovay-Strassen test as special cases. If n is a prime then for all

integers k and a we have

Zn(k,a) = (kln) (modn) (4.1)

by (2.15), where (k|n) now (and throughout this section) denotes the Jacobi symbol. If n

is odd then in the special case where a = 0 the congruence (4.1) becomes
En=D/2 = (kln)  (mod n), (4.2)

which is the basis for the Solovay-Strassen test. On the other hand, suppose n is odd and

k is a quadratic residue modulo n. Writing k& = b* (mod n) and using (2.4) we have
bZu(k,a) = bZ,(b*,a) = Dyp(b,a) (modn), (4.3)

whereas (k|n) = 1. So in the case where k is a quadratic residue modulo n the congruence

(4.1) is equivalent to the congruence
Dy(b,a) =b (modn), (4.4)

which is the basis of the usual Dickson polynomial compositeness test.

If n is a prime, it is clear that (4.4) is satisfied for all integers a and b from (2.5) with
m =r =1 and p = n; and (4.2) is likewise satisfied for all integers k. However, if n is an
odd composite number then there exist values of k with (k,n) = 1 for which (4.2) holds;
in this case n is said to be an FEuler pseudoprime to the base k. Furthermore, if n is an

odd composite it may happen that (4.4) is satisfied for all integers b and a fixed integer
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a, in which case n is said to be a strong Dickson pseudoprime to the base a (cf. [2]). It
is even possible that n may be a strong Dickson pseudoprime to every base; that is, (4.4)
may hold for all integers a and b, although n is not prime.

It is quite easy to see that the compositeness test we propose based on the congruence
(4.1) admits no “strong pseudoprimes” to any given base a; in fact, if n is not prime then
for any a the congruence (4.1) fails at least half the time, as we now record.

Theorem 8. Let n be an odd composite integer, and let U, denote the group of units
in the ring Z /nZ. Then for any integer a, the congruence (4.1) fails for at least half the
elements k of U,,.

Proof. First suppose that n is a non-square, and write n = p®m with p prime, e odd, and
(m,p) = 1. Suppose (4.1) holds for k = b. Using the Chinese remainder theorem, choose
an integer ¢ such that ¢ = b (mod m) and (¢|p) = —(b|p). It follows that (¢|n) = —(b|n) but
Zn(c,a) = Zyp(b,a) (mod m); hence (4.1) cannot hold for & = ¢. Using the isomorphism
U, 2 Up x Upe we see that in fact half the integers ¢ congruent to b modulo m have
(c|p) = —(b|p). Therefore in any congruence class modulo m at most half the elements k
can satisfy (4.1). The theorem then follows in this case.

Now suppose that n is a square, and write n = p?m with p prime. Since n is a
square we have (k|n) = 1 for all integers k. Suppose then that (4.1) holds for & = b; then
evaluating the polynomial congruence of Theorem 2 with r =2 at a = a, y = b yields

1= Zpp(bya) = bP7D/2Z, (b2 aP)  (mod p?). (4.5)
Now if ¢ is any integer congruent to b modulo p, then ¢? = b” (mod p?) and therefore
Zmp(cP,aP) = Zpp(bP, a?) (mod p?). However, if ¢ = b (mod p) then c(P=1)/2 £ p(r=1)/2
(mod p?) unless ¢ = b (mod p?). Thus if ¢ = b (mod p) but ¢ # b (mod p?) then (4.1)
cannot hold for & = ¢. Rewriting n as n = p®m’ with e even and (p,m’) = 1, and using
the isomorphism U,, & U,,’ x Upe shows that more than half the integers ¢ € U,, which are
congruent to b modulo p are not congruent to b modulo p?. The theorem then follows in

this case.
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The test described here may be implemented in time commensurate with that required

for other well-known tests. Using the identities

[ Zp(k,a)* —2a™, if nis even, /
Zon(k, a) = {k‘Zn(k,a)Z —2a™, if n is odd, (4.6)
Z2n+1(k7a) = Zn+1(k,a)Zn(k,a) —a” (47)
and the recursion
| Zy(k,a) —aZ,—1(k,a), if nis even, )
Zati(k,a) = { kZn(kya) — aZn_(k,a), if n is odd, (48)

one may compute Z,(k,a) with O(logn) multiplications, as outlined in ([2], Lemma 2.5)
for D, (k,a). The identities (4.6)-(4.8) were given in the case a = 1 in ([1], equations

(3.2)-(3.4)), and are proved for general a in the same manner.
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