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1. INTRODUCTION

Let {an}32_ ., be a sequence which satisfies a linear recurrence of order k + 1. We

o0

o o Where m and b are

are herein concerned with the lacunary subsequences {ampnys}
fixed integers, so called because they consist of terms from {a,} with lacunae, or gaps,
of length m between them. In [5], [2], [3] it has been shown that for any m and b the
subsequences {amn+p} also satisfy a linear recurrence of order k + 1. In this note we shall
express the coefficients of this recurrence in terms of generalized Dickson polynomials, by
means of their functional equations, and present some applications of this description. As
corollaries to our main theorem we give generalizations, to prime power moduli, of the
known result ([5], Theorem 4) that whenever p is prime, the subsequences {a,rn+ts}neg

satisfy the same linear recurrence modulo p as is satisfied by {a,}. We conclude with an

analogue of Howard’s tribonacci identity ([3], Theorem 3.1) for tetranacci sequences.

2. THE MAIN RESULT

Let our sequence {a,} satisfy a linear recurrence of order k + 1, say

k k
Uptk = T10ntk—1 — L20ntk—2 + - — (=1) zpa, + (1) aan_1, (2.1)
where « is a unit in some integral domain R and zq, x5, ...,z are indeterminates over R.
(By use of evaluation homomorphisms R[z1, ..., zx] — R one may also regard 1,23, ..., Tk
as elements of R). If we are given some initial conditions, say, ag, a1, ...,ax € Rlx1,..., 2],

then the recurrence (2.1) may be used to define a, for all integers n, and for any integer

b we have a formal power series identity

f: An+b Tn = @ (22)

n=0



in the formal power series ring R[z1,z2, ..., 2x][[T]], where
P(T)=1—a1T + 227> + -+ + (=1)kz, TF — (—1)FaT*! (2.3)

is the characteristic polynomial of the recurrence (2.1) and Q(T') is some polynomial of
degree at most k.
Now let K be the quotient field of the polynomial ring R[xy,z3,...,2x]. Then over

some finite extension field L of K the polynomial P(T') splits into the product

P(T) = H(l —o,T). (2.4)

It follows that z; = oj(ao, ..., k) for 1 < j <k and a = ok41(ao, ..., @k ), where o; denotes
the j-th elementary symmetric function in k + 1 indeterminates.

For 1 < i < k let PU)(T) be the polynomial in R[z1, ..., z4][T] of degree | = (k"ZH)
with constant term 1 whose reciprocal roots are all products of the form «j, ---aj, where

0<j; <--- < ji <k. The coefficients of P() are symmetric functions of ag, ..., ag, and

therefore there are polynomials y; ; in R[zq, ..., 24| such that
P(i)(T) =1—y1,iT+y; T+ + (—1)lyl,iTl, (2.5)

with y1 ; = z; and y;; = a'. The generalized Dickson polynomials Dgf,) (over R) are then

defined for m > 0 by the expansion

dP) = dT
==Y DW(as, ok ) T (2.6)
m=1

p@
in Rlzy,...,zi][[T]] (cf. [6], eq. (1.6)). The usual Dickson polynomials D,,(z,a) are
obtained in this way from P(T) = 1 — 2T + aT? with i = k = 1, and if R is a finite field
then this definition of generalized Dickson polynomials agrees with that given in [4]. From

the generating form (2.6) we may derive for m > 0 the functional equations (cf. [6], eq.

(2.5))
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and the identity a™ = ag'af" - - - a}*. These relations may be used to define the polynomials

ngl)(x17 iy Tk, a) € R[xq, ...,z for all integers m; specifically we have

; E+1
DY (o1, = (1) 2.5)

4

for m = 0, and for any integer m we have
D%)(xl,...,xk,a) :amD(_jBn(:zzl,...,:r:k,a) (2.9)

where ¢ + 7 = k 4+ 1. With this definition the polynomial D%) is a polynomial of total
degree |m|in R[xy,..., x| for every integer m. Now we're ready to state the main theorem.
Theorem 1. Let {a,} satisfy the linear recurrence (2.1) in R[z1,...,xx]. Then for any

integers m and b, the lacunary subsequence {amn+s} in R[z1, ..., 2] satisfies the recurrence

k
Akmtb = (—l)i_ngjl)(a:l, s Ty @) A k—iymab | + (—1)kam Ap—m -
) (k=)

=1
Proof. Let m and b be given. If m = 0 the statement of the theorem reduces to the very

well-known identity

%(—1)1' (k j 1) =0 (2.10)

=0

by (2.8). Assuming the theorem is true for m, it follows also for —m by (2.9); therefore it
suffices to assume m is positive. Consider the generating function (2.2) for the sequence

{an+b}. Define the linear operator ¢ on R[z1, ..., z¢][[T]] by
PF(T) = (F(T) + f(6T) + F(ET) + -+ f(6"T) (211)

where 6 is a primitive m-th root of unity in some finite extension of K. Since

; T7, if m divides j
T7) = ’ ’ 2.12
(1) { 0, otherwise, ( )

we have

¥ (Z Gn+b Tn) = Z Amn+b Tmn) (213)

n=0 n=0



which is the generating function for our lacunary subsequence.

By virtue of the factorization (2.4), we have a partial fraction decomposition

QT) o |
PO~ 2 Tl (2.14)

valid as a power series identity in the subring R[zq, ..., z¢][[T]] of L[[T]], where the expo-
nents are defined by setting e; equal to 1 plus the number of o; with a; = a; and 7 <1

(so, e.g., all e; are 1 if and only if all «; are distinct). Then we compute in L(0)[[T]]
m—1 k
(DN _1R-
7 (P(T) =22 (1— a;6iT)

(2.15)

with each @); a polynomial of degree less than e;, and Q therefore a polynomial of degree
at most k. It follows by comparison with (2.13) that P is the characteristic polynomial for

the recurrent sequence {@;n+5}, where ]5(Tm) = Hf:o(l —a’T™). If we write
P(T)=1—yT+yT? + -+ (=) Fy TF — (—1)*ypq TF! (2.16)
then we have y; = o;(a,...,af") for 1 <1 < k and yp41 = af'a]*---af'. Therefore by
the functional equations (2.7) we have y; = D%)(:z:l, v tpya) for 1 <1 <k andygyr = a™,
giving the result.

Remarks. In this theorem we have assumed that a is a unit in R; however this assumption
is needed only to ensure that a, and DY) are elements of R when n is negative. The
recurrence given in the theorem remains valid in R[zq, ..., 2] if a is an arbitrary element of
R (even if a = 0), or in R[z1, ..., 2, a] if a is regarded as an indeterminate over R, provided
b > m > 0. It is equally valid for arbitrary integers m and b if interpreted as a recurrence

in the Laurent ring R[zy, ..., 2k, a,a™}].



3. CONGRUENCES FOR LACUNARY RECURRENCES
It is known ([5], Theorem 4) that if {a,}52 is a linearly recurrent sequence in Z and
p is prime then the subsequence {apr,44}ne satisfies the same linear recurrence modulo
p as is satisfied by {a, }. Theorem 1 and results of [6] give rise to some generalizations of
this result.

Corollary 2. Let {a,}>2, satisfy a linear recurrence

Gtk = T10ptk—1 — Tolptk—2 + - — (—1)kxkan + (—1)ka Ap_1
in R[zq,...,xk, a], and let {a], }5° satisfy the linear recurrence
ahyp =2Van gy —abal o+ — (=DFalal, + (-1 a’ a;,_,
in R[zy,...,2k,a]. Then for any prime p and any positive integers b, d, m, r, the two

!

o0
lacunary subsequences {amprnis}peo and {al

pr—intdineo it Rlz1, ..., xk, a] satisfy the
same recurrence modulo p"R[zq, ...,z a.
Proof. In ([6], Theorem 2) we showed that the differential form (2.6) is an invariant

differential on the multiplicative formal group law over the polynomial ring R[z1, ..., zk, al,

from which one may deduce the congruences

DEQPT (21,..., 2k, a) = szr_l(:vf, b, a?)  (mod p"R[z1, ..., 2k, a]) (3.1)
in R[zy,...,z,a]. Since a™? = (ap)mPT_l, the corollary then follows from Theorem 1

and the observation that the left members of the congruences (3.1) are the coefficients

of the recurrence for {amprn4s} and the right members of the congruences (3.1) are the

!

coefficients of the recurrence for {a’ ., .1}
mp n+d

Taking m = r = 1 in the above corollary yields a polynomial congruence which implies
([5], Theorem 3) and the main result of [1]. We now consider another generalization.

Corollary 3. Let {a,}32, satisfy the linear recurrence

Opik = T10ptk—1 — T20Aptk—2 + " — (—1)kxkan + (—1)ka Gp—1
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in Z. Then for any prime p and any positive integers b, d, m, r, the two lacunary sub-

sequences {Umprnibtneg and {dy,yr—1p14tneo in Z satisfy the same recurrence modulo

T

p.
Proof. In ([6], Theorem 3) we showed that for any integers z1,..., 7, a, the differential

form (2.6) is an invariant differential on the multiplicative formal group law over Z, from

which one may deduce the congruences

D%)pr(l'l,,,,,mk,a) = Dgi)pT—l(;El)"'?‘Tk?a) (mOdprZ) (32)

mpT—l

for any integers z1,..., 25, a. Since a™ = a (mod p"), the corollary then follows
from Theorem 1 and the observation that the left members of the congruences (3.2) are
the coefficients of the recurrence for {amprn+s} and the right members of the congruences
(3.2) are the coefficients of the recurrence for {a,,,r—1,44}-

The r = 1 case of this theorem contains the result of [1] and Theorems 3 and 4 of
[5]. To illustrate the general case, consider the example of the tribonacci sequence {P,}

defined by the recurrence

Poio=Pyi1+ P+ Py (3.3)

with Py, Py, P, arbitrary integers. As a special case of Theorem 1 we have Howard’s

general formula ([3], eq. (3.6)) for the lacunary subsequences {Py,n+5} which implies, for

example,
Pot4s =3Pni2+ Py + Pr_o, (3.4)
P,is =11P,14 + 5P, + Py_4, (3.5)
P,i116 =131P,43 — 3P, + Py, _s, (3.6)
P30 =17155P, 116 + 253P,, + Py, _15. (3.7)

We observe that the recurrence coeflicients in (3.3) and (3.4) agree modulo 2, while those

in (3.4) and (3.5) agree modulo 22, those in (3.5) and (3.6) agree modulo 2*, and those in
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(3.6) and (3.7) agree modulo 2%, as predicted by Theorem 3 for p = 2. For p = 3 one has

Puts = TPuts — 5Py + Po_s, (3.8)
Poy1s = 241P, 19 — 23P, + P_o, (3.9)
Pyy5s = 13980895P, 427 + 4459, + P_y7, (3.10)

with the recurrence coefficients in (3.3) and (3.8) agreeing modulo 3, those in (3.8) and

(3.9) agreeing modulo 3?, and those in (3.9) and (3.10) agreeing modulo 3*. Once more,
Pn_|_10 :21Pn+5—|—Pn—|—Pn_5, (311)

P50 = 4132721 P, 495 + 2201 P, 4+ P _25, (3.12)

with the recurrence coefficients in (3.3) and (3.11) agreeing modulo 5, and those in (3.11)
and (3.12) agreeing modulo 5%.

The system of congruences (3.2) implies that {D%)pT (21, ., 5, a)}22 4 is a Cauchy
sequence in the ring Z, of p-adic integers for fixed x4, ..., 22, a, m, ¢, and any prime p, and
therefore converges p-adically to some limit H ,(7?. Combining Theorem 1 with the complete
statement of ([6], Theorem 3) therefore allows a p-adic restatement of Corollary 3.

Corollary 3 (alternate version). Let {a,}>2 , satisfy the linear recurrence
Unik = T10nik—1 — T20ntk—2 + - — (=) Fzra, + (=1)*aan_

in Z and let p be any prime. Then for any positive integer m there exist algebraic integers
H,(T}), - H,(?f), Ay, in Z,, which depend only on x4, ..., i, a (mod p), such that the lacunary

subsequences {b,} = {amprnya} satisty
btk = Hbpgko1 — HDbpgk—o + - — (D) HP by + (1) Amba—y  (mod p"+'Z,)

for all nonnegative integers r and d.



This version of the corollary says that associated to any integral linear recurrent
sequence {a, }22 , there is for each positive integer m and each prime p a single recurrence
(with p-adic coefficients) that is satisfied modulo p"*'Z, by every lacunary subsequence

{@mprntdtorg. As an illustration of the idea, from (3.7) we note that the recurrence
bt = 17155by 41 + 253by, + bp—1 (3.13)

is satisfied modulo 2" by {b,} = {Pyrpiq} for r = 0,1,2, 3, 4; analogous examples of this
type for lacunary subsequences of { P, } are given by (3.10) for p = 3 and r = 0,1,2, 3, and
by (3.12) for p = 5 and r = 0,1,2. A natural question to ask is “when will the ‘universal’
p-adic recurrences of the corollary, which hold for all r, actually have integer coefficients?”

This question may be answered to some extent in the case of second-order recurrences

(k = 1) using the results of [7], where systems of congruences
(1) — r+1
Dipyr(z,a) =B (mod p™™7) (3.14)

for integer values of B were classified. In particular, combining Theorem 1 of the present
paper with Theorem 1 of [7] yields the following corollary:

Corollary 4. Let {a,}>2, satisfy the second order linear recurrence
Ap41 = TAp — A Gp—1

for integers x, a. Then for every prime p there exists an integer m and integers H,, and

A,, such that the recurrence
bn—l—l = Hmbn - Am bn—l

is satisfied modulo p"t! by the lacunary subsequence {b,} = {@mprn+a} for all nonnegative
integers r and d. Furthermore H,, € {—2,-1,0,1,2} and A,,, € {—1,0,1}.
The means for determining the integers m, H,,, and A,, are outlined in the corollary

to Theorem 2 of [7]. A few examples involving the Fibonacci sequence {F,} are

Foimaor = —Fy — Fn_ppor  (mod 2™ if 3 fm; (3.15)
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Foimaor =2F, — Fy_por  (mod 271 if  3|m; (3.16)

Froitmsr = —Fn_mar (mod 3T+1) if m =42 (mod38); (3.17)
Foymsr =—2F, — Fy_pmsr  (mod 5r+1) if m=2(mod4); (3.18)
Foimar = —Fy_pmrr (mod 7" if m = £4 (mod 16). (3.19)

4. TETRANACCI SEQUENCES
In ([3], Theorem 2.1), Howard showed that if {a,} satisfies the recurrence (2.1) over

C then for any integers m and b the lacunary subsequence {a;, 15} satisfies the recurrence

k+1
- )
Wkmts = > (=1) 7" Cm jm Ak jymb; (4.1)
J=1
where the numbers ¢y, jn are independent of the initial conditions ag, a1, ..., ax, and are

defined by a certain generating function. The identity ¢, (k41)m = @™ was shown in ([3],
Lemma 2.2); the result of Theorem 1 above shows that ¢y, jm = D%)(xl, vy a) for 1 <
J < k. In the tribonacci case (k = 2), Howard showed ([3], Lemma 3.2) that ¢y m = Dm
and ¢y om = a™D_y,, where D,, = Dﬁi)(:z;l,:@,a). This produces the beautiful identity
([3], equation (1.5))

An42m = Dman—l—m - amD—man + aman—my (42)

which is valid for all integers m and n; observe that {a,, } and {D,,} satisfy the same third-
order recurrence. We remark that the two identities of ([3], Lemma 3.2) are generalized to

arbitrary k by (2.9) and Theorem 1; specifically we have
Cm,m = Dm and Cmkm = 0" D_p, (4.3)

where D, = Dg)(:z:l, ey Tk, a). In the tetranacci case (k = 3), equation (4.3) expresses all
but the central coefficient ¢, 2 in terms of @ and D,,. Whereas {a,, } and {D,,} both

satisfy the same fourth-order recurrence, this central coefficient {c;, 2m} unfortunately
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;) = 6. This suggests that perhaps there is no general

satisfies a recurrence of order (
simple analogue of (4.2) for recurrences whose order exceeds three. However, by means

(2)

of the functional equations (2.7) one may easily verify that ¢m 2m = D’ (21,..., Tk, a) =

(D%, — D2,,,)/2 over any integral domain R of characteristic not equal to 2. Therefore we

may state the following analogue of ([3], Theorem 3.1) for tetranacci sequences.

Theorem 5. Let {a,} satisfy the linear recurrence
Up+3 = T10p42 — T20p4+1 + T30 — A Ap—1

in R|xq,x9, 23], where the characteristic of the integral domain R is different from 2 and

a is a unit in R. Then for any integers m, n we have the identity
1 2 m m
An43m = Dman+2m - é(Dm - D2m)an+m +a"D_nan —a" an_m

in R[zy, 29, 23], where D, = DS)(iEl,:L‘Q,JJg,G).
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