On the behavior of some two-variable p-adic L-functions

PaurL THoMASs YOUNG

Department of Mathematics, University of Charleston
Charleston, SC 2942/
paul@math.cofc.edu

We give some p-adic integral representations for the two-variable p-adic L-functions in-
troduced recently by G. Fox. For powers of the Teichmiiller character, we use the integral
representation to extend the L-function to a larger domain, in which it is a meromorphic func-
tion in the first variable and an analytic element in the second. These integral representations
imply systems of congruences for the generalized Bernoulli polynomials, improving previous
results of Fox, Gunaratne, and the author; they also lead to generalizations of some formulas
of Diamond and of Ferrero and Greenberg for p-adic L-functions in terms of the p-adic gamma
and log gamma functions.
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1. INTRODUCTION.

In a recent article [7] G. Fox defined a two-variable p-adic L-function L,(s,t, x) for Dirichlet

characters y, with the property that

By (qt) — xw ™™ (p)p™ ' By yw-m (p™ 1 qt)

L,(1-m,t x)=— -

(1.1)

for positive integers m and ¢t € C, with [t| < 1, where ¢ = pif p > 2 and ¢ = 4 if p = 2, and
B, yu-m(2) is a generalized Bernoulli polynomial (see §2 for definitions). He proved that L,(s,, x)
is analytic in s and ¢ for s € C, with |s| < gp™"/(P=1) (except for s = 1if y = 1) and ¢ € C, with
|t| < 1. Therefore L,(s,t,x) is a natural extension of the Kubota-Leopoldt p-adic L-function
L,(s,x) ([10], [9]), which is the function obtained by putting ¢t = 0 in L,(s,t, x). Fox developed
some analytic and arithmetic properties of L,(s,t, x) and used these properties to prove strong
general systems of congruences for values of generalized Bernoulli polynomials, which generalize
the classical Kummer congruences [1], [2], and congruences of H. S. Gunaratne [ |.

sing a di erent approach, we proved similar congruences [1 | for values of Bernoulli polyno-
mials at arguments corresponding to ¢ values outside the disc of analyticity of L,(s,t, x). In an
e ort to explain this phenomenon, we now show that when y = w is a power of the Teichmuller
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character, L,(s,t, x) may be extended to a domain which includes ¢t € ¢7" ,, so that is an analytic



function in s (except at s = 1 when y = 1), and an analytic element in ¢ on ¢~}

p- This extension
interpolates Bernoulli polynomial values from (1.1) and from the congruences in [1 ]. e deduce
this result from a p-adic integral representation for L, (s, ¢, x), which we give in section for Dirich-
let characters of p-power conductor. In section 4 we give a slightly di erent integral representation

in the case of characters whose conductor is not a power of p. These integral representations then

produce systems of congruences which generalize the results of [7], [ ], and [1 ].

hereas the usual integral representations for L,(s, x) involve fixed p-adic measures (the
regularized Bernoulli measures) on a space which varies with the character y, we employ an
approach for L,(s,t, x) in which the space of integration p 18 fixed and the measure varies with
the character, as well as with t. This approach allows us to eliminate the regularizing factor
(1—x() ') from our formulas for L,(s,t,x) in the case of characters x whose conductor is
not a power of p. The elimination of this factor facilitates the study of the analytic properties
of L,(s,t,x) for such characters x. s an illustration we give a generalization to L,(s,t,x) of
a formula of . Diamond [4] and of B. Ferrero and . Greenberg [ | for L,(0,x). f course the
regularizing factor cannot be removed in the case of powers of the Teichmuller character, because

its vanishing at s = 1 is needed to correct the singularity of L, at s = 1 when x is the trivial

character indeed this factor vanishes for all only when y =1 and s = 1.

There is some exibility in these integral formulas with respect to the characters involved, in
that both the integrand and the measure are defined in terms of Dirichlet characters. For example,
in § we show that for powers of the Teichmuller character w, we can define L,(s,t,w ) (up to the
regularizing factor) as a p-adic -transform of the measure w = ., for any choice of integers

, such that = . That these (g¢) di erent definitions all define the same function fort €
can be verified by straightforward computations with the associated formal power series or, since
Fox has shown that L,(s,t,x) is the uni ue function analytic in s satisfying (1.1), by observing
that these integral representations are analytic in s and by definition agree with L,(s,t, x) on sets

with limit points in ,. In the same way, when p = 2 and x is not of the second ind, we show in

§ that there are two natural ways to extend the function L (s,t,) to values of ¢ in L which
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satisfy (1.1) whent € , butfort e (1 ) these two extensions are not e ual.
. PR LIMINARI s.

Throughout this paper, p will denote a prime number, , the ring of p-adic integers,
the multiplicative group of units in ,, , the field of p-adic numbers, C, the completion of an
algebraic closure of ,, and  the subring = 2z € C, |z] <1 of C,, where | | denotes the

absolute value on C, normalized so that [p| = p~'.

e let ord, denote the additive valuation on
C, normalized so ord,p = 1, so |z| = p~ for all z = 0. The integer ¢ is defined by ¢ = p if
p > 2 and ¢ = 4if p = 2. The Teichmuller character w on , is defined by setting w( ) to be

the uni ue (g)-th root of unity congruent to modulo ¢ ,, and we define by =w()

for € . Following [7],if € , and? € , we extend these definitions by w(  ¢t) = w( )

and gt =w( ) gt we also consider w as a Dirichlet character of conductor ¢ by setting
w( )=0if p divides . If is a finite extension of , then = will denote its ring of
integers, and [ —1]and [[ — 1]] denote respectively the ring of polynomials and of formal
power series in the indeterminate (  — 1) over

The set of all -valued measures on , forms a ring under addition and convolution
of measures. This ring is isomorphic to the formal power series ring [[ — 1]] by means of the
isomorphism [[ — 1]] defined by , where

The linear operator defined by
1
()= ()-- () (2.2)

is well-defined and stable on rational functions, and also on [ —=1]] (cf. [12]). If () =
t ,write ()( ) = t . Then if is the measure on corresponding to €

[[ —1]], then for any nonnegative integer m we have ,,, ., € given by



(cf [12]). Furthermore we have ,, = ,, —p™

,, where the € are defined by ( )( )=

t , where Dwor s  operator | ] is defined on [ —1]] by

= B (z)—, (2.)

and for any primitive Dirichlet character x of conductor the generalized Bernoulli polynomials

B (z) are defined by

x( )t t
. = B y(@)—. (2.)
1
hen the Dirichlet L-function defined by L(s,x) = 1 x() 7 for (s) > 1is analytically
continued to C, we have
L(1—-m,x)=—Bn(0) m (2.7)

for all nonnegative integers m (cf. [9]). Its p-adic analogue is the Kubota-Leopoldt p-adic L-function
L,(s, x) ([9], [10]), which is the uni ue analytic functionon = s€ C, |s| < gp~"/P=1) (except

for a simple pole at s = 1 when y = 1) for which

Ly(1=m,x) = =1 = Xm ()P ") Bm.x,, (0) m (2.)

for positive integers m, where the symbol y,, denotes the Dirichlet character yw™". The two-
variable p-adic L-function L,(s,t, x) defined by Fox in [7] generalizes this, being analytic for ¢ €
and s € | except at s = 1 if x = 1, and its values at nonpositive integer values of s are given
by (1.1), which reduces to (2. ) when ¢ = 0. In its construction, based on the method of [9], a
function (s,t), analytic fors € and t € ,is defined so as to interpolate values of generalized
Bernoulli polynomials at nonnegative integer values of s, and then L,(s,t, x) is defined by

Lyfs,tX) = 2 (1= 5,1). (2.9)



ur congruences are expressed in terms of the di erence operator where is a nonnegative

integer, which operates on se uences ,, by

m=m — m- (2.10)

The powers of are defined by = identity and = —1 for positive integers , so
that

m = (-1 = (2.11)

for all nonnegative integers . To define binomial coe cient operators associated to an operator

(cf. [ ]), we write the binomial coe cient

for 0 as a polynomial in , and replace by
HARACT RS O p O R ONDUCTOR.

sing a modification of a regularized Bernoulli measure on in this section we give an

P!
integral representation for L,(s,t, x) in the case where the conductor of x is a power p. e recall
that Dwor sshift mapz 2 isdefined [ [forz € , by the relation pz —z = e 0,1,...,p—1,

so that  is the least nonnegative integer representative of the class of —z modulo p .

TH OR M .1. X

poTE (=1 ( =Dz 0 (mod ),




r=—qt
MAR 8. The measure — 1 ; defined above is a regularized Bernoulli measure on - For any
r € , if =1is chosen sothat ( —1)z 0 (mod ), the measure , is an -valued

measure, so by writing 2 = —¢t we can ta e this integral as defining for ¢ € ¢~!

» @ meromorphic
function of s, analytic for s = 1, which agrees with the function L,(s,¢, yw ) defined by Fox if
t€ ,. hen can be chosen so that we also have yw () = 1, then this extended function will be
analytic for all s € this is indeed the case for all z € , when y =1and w =1, or when p =2,

Y=w,w =1,and z € 2

eassume ( ,p)=1and write ( )= , ()= () ( —1), where

1 1
If =1, then
()= x() "~ () =7 x()
1 1
= T x() =7 x() (-2)
1 1
= _((1_) _1) X() =0,
1

provided that ( — 1)z 0 (mod ,). For such integers , this implies that = — 1 divides ( )
in [[ —1]]. Since — 1 is also divisible by ~ —1in [ — 1] and the uotient is a unit

in [ —1]] , weseethat , & € [ —1]]. Therefore when ( — 1)z 0 (mod ), the

measure = , isan -valued measure, and by definition (2.1),

()= () ()

Substituting = and comparing coe cients of ™ m yields
B (=2)
m= (" Ty()-1)221x = " : 4
(7 () - Peal () ()
If x is nontrivial then x( ) = 0 whenever p divides , and therefore = =0 when z €p , (cf.

[1 ],e . (4. )). If x is the trivial character then
(1-) (1-)




and therefore by ([1 ], Lemma .1) we have

for any z € ,. sing the identity (1 —2) =1—2 forany z € ,, we have |  =x(p) y,,

if either xy=1and z € , orif x=1and z € p ,. This means that

m _pm o = ( m IX( )_ 1)Bm I,X(_‘r) _;(L(p)ll)mBm l,x(_‘r) — m ( ) ( ‘7)

ify=1andz € porify=1landz€p , when( —1)ze .

ow write z = —qt with t € ,, so that = = —p~!qt. Then by comparing ( .7) with (1.1) we

have
() =0 =x() ™ DLp(=mtxe™ ). ()
This says that if s is a nonnegative integer congruent to — 1 modulo (g), then
w () ()=0-xe ()  DLp(=st,xw). (-9)

1 the integral on the left is analytic for s €  (cf.

s the p-adic -transform of the measure w ~
[11], orollary 12. ). Ift € ,and xw =1, then L,(s,¢, xw ) is analytic for s € by Theorem
.1 in [7], so the right side of ( .9) is analytic in s, being the product of two analytic functions.

nd if ywo =1 then forallt e ,

(-xw () Dhlstaw)= —— (s 1) (.10)

is analytic for s € | being the product of two analytic functions (cf. (2.9) above and Theorem
.1 of [7]). Thus in any case both sides of ( .9) are analytic for s €  since they agree on the set
s€ s 0,s —1(mod (gq)) ,their e uality holds for all s €
This integral representation leads directly to the following congruences for the generalized
Bernoulli polynomials.

OROLLAR - X

P m te » P~

Bm t) — m m—le -t t 1
m



Bin o (41) = X (P)P" " B (P~ 41) 1
m 2

€(qg! P

By (1.1) we have L,(1 —m,t,x) = () fort € , where (asin [7])

o (t) = — B (@) = o (p;fm‘le,xm (p~"qt) (11)

the stated congruences then involve values of ,, ,(¢) for values of t € ,. Let 2 = —qt with
t € pq” » and observe that —z = p~'qt. Since we assume ¢ € pg~ pwehave ( —1)gt e
for any positive integer with ( ,p) = 1, so we choose so that x( ) 1 (mod ¢ ,) and 1

(mod ¢ ). Then writing

1-x() "=0-x() x()a- ") (-12)

reveals that ord,(1—x( ) ™ ')=ord,(1—x()) =ord,2, and that (1—x( ) ™) (mod ¢ )

is independent of m. Soif = is the -valued measure defined in Theorem .1, we get

IT=x() ™) mx(® (T=x() ™) mx(®)

0 (mod ¢ ),
since 1 (mod ¢ ,). bserving that ord,(1— x( ) ™) = ord,2 completes the proof of the

first part. The same reasoning shows that

(T=x() ™) m.x (1) w () ( () 0 (mod ), (.14)

since € ,whenz e ,and ( - 1) € ,when € (¢)7' , from which the second
statement follows.
For the characters involved, this corollary gives a modest improvement of Theorem 4.10 and

Theorem 4.12 of [7] by relaxing its restriction on [¢| by a factor of ¢ for powers of w it improves



Theorem 4.2 of [1 ] by removing the restriction that (q) divides . uttingt=0and =p~! for
powers of w reduces this result to [ ], Theorem .1.

In ([1 ], Theorem .2) we used ( .7) above with x = 1 to prove that for any z € ,

Bnl) 27 BnG) g (madl g ), (1)
and
P B, (z) —pn”:_le(x) 6% ) (.1)

when p~ € ( ¢)7' ,, under the additional hypotheses that (¢) divides but doesn t divide m.
sing the identity B ;(z) = (—1) B (—=z) and ( .11), we observe that

B (z) = p" "B ()

mwn () = (1) 1 — : (.17)

where 2 = —¢gt witht € ,. e would therefore li e to be able to interpret the congruences ( .1 ),
( .1 ) as congruences for values of L,(1 —m,t,w™).

In Theorem .1 we have observed that if y = 1, the power series ,  liesin ,[[ —1]] for

any ¢ € ,and any positive integer with ( ,p) =1 this means that ;  isa ,valued measure
on ,, and ( .7) is in fact valid for all z € , when x = 1. Therefore, if z = —qt with t € ¢!

we can ta e the integral

I-w() ") w() T 1 ()= stw) (1)

as defining a function L,( ,s,t,w ) which is e ual to the function L,(s,¢,w ) defined by Fox for

te , eclaimthatfort e ¢!

p this definition is independent of . Toshow this, we observe that
the integral in ( .1 ) is analytic for s € , being the p-adic -transform of w =! ;1 . Therefore

L,( ,s,t,w)isanalytic fors € ifw =1,and (s—1)L,( ,s,t,w )is analyticforse ifw =1.

By (.7),
B “2Y—-» B _
Ly(—sitw)= -2 rlzn)=p B a(zr) (.19)
s 1
whenever s is a nonnegative integer congruent to — 1 modulo (¢). Soif ( 1,p) = ( ,p) =1,

the functions (s — 1)L,( 1,5,t,w ) and (s —1)L,( ,s,t,w ) are both analytic for s € and agree
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on a set of s values having a limit point in |, so they must be e ual. Therefore we may omit the
parameter and write L,(s,t,w ) for the function defined for all € ¢=' , by ( .1 ).

To give an indication that the extension defined by ( .1 ) is somewhat natural, we show that
for any s € , L,(s,t,w ) as a function of ¢ is in fact an analytic element of support ¢=! ,, that

is, a uniform limit on that set of a se uence of rational functions which have no poles on that set.

TH OR M . . XY =w
Ly(s,t,w)
Ly(sitw)=(01-w () )7 o) T a4, ()
r=—qt (,p=1 =1
s s=1 w =1 teq? P t q! p
s € s=1 w =1 te ,

B, o -m(qt) —w "™ (p)p™ 'B,, . -m(p gt
Ly(l—mtw) = —Dm (¢t) —w " (p)p w-m(p"qt)

m tEq_lp

m (mod (q)).
side from the claim that L,(s,t,w ) is an analytic element in ¢, all the assertions of
the Theorem are immediate from the preceding comments. Let s define the polynomial (z) =
(z(z—=1)(z-2) (2—(p—1))) . Itiseasily observed that (z) 2P (mod p [z]),and (z)=2z
if and only if 2 € 0,1,2,..,p—1 . ow for any z € ,, we have —z (mod p ), and if

- (mod p ) then (—z) (mod p 1

), because (z) € p ,[z]. Therefore, the
se uence of polynomials (-z), (- (-z)), (= (= (-=z))),... converges uniformly to the function

x on , since z = (z ) p, the function z  z is an analytic element on . For any

positive integer m, by (2. ) we have

o)== mmp" (.20)



where ()= and ( )( )= yand |,  aregivenby (. ),( . ). esee

that ,, is a polynomial in z and

. 18 a polynomial in z , so the integral in ( .20) represents an

analytic element in z on , for any nonnegative integer m.
ow let s € . Since 1 (mod ¢ ,) forall € , the series = ( -1

converges uniformly for € and therefore the sum

p?

converges uniformly in z on ,, since ;  isa ,valued measure for all z € ,. For odd primes
p, we have w( ) = lim P uniformly on ,, and thus = lim (»=)r 1 yniformly on

- Therefore, each integrand in the sum of integrals on the right side of ( .21) is a uniform limit
on , ofase uence of polynomials in . e have ust observed (( .20) and remar s following) that

the integral with respect to ; = of any polynomial in is an analytic element in z on so each

Py
integral on the right of ( .21) is an analytic element in 2 on ,. Thus the integral on the left in
( .21) is a uniformly convergent sum on , of analytic elements on ,, and is therefore an analytic
element in z on ,. utting = —qt, the integral is an analytic element in £ on ¢=! ,, proving the

theorem.  hen p = 2, we modify the argument by observing that w( ) = lim 1-2(( =1) 2)

uniformly on and =  w( ) when p=2.
HARACT RS OT O p O R ONDUCTOR.

If y is a Dirichlet character whose conductor is not a power of p, there is no need to use

a regularized measure to express L,(s,t,x) as a p-adic -transform. Here again we wor with

-valued measures on ,, where = (x), which are constructed directly from y.
TH OR M .1. X
P te o, s €
wm( ) ( ) = _L‘p(_57t7xwm 1)
m = x P
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1

MAR . s in Theorem .1, the measure , is an -valued measure even for t € pg= ,

and we can therefore ta e these integrals as defining analytic functions of s which for p = 2 extend
the domain of L (s,t,xw™ ') toinclude t € L | which agree with the function L (s,t,yw™ 1)
defined by Fox when ¢t € . This will be further explored in § .

In ([1 ], Theorem 4.1) it is verified that for any t € , we have = , € [ —1]],and

therefore by definition (2.1),

Substituting = and comparing coe cients of ™ m yields
Bm 1 x(qt)
.= = m . 4.2
il () (42)

Then since

(cf. [1 ], e s. (4.4), (2.1 )), we obtain

m Bm 17(qt)_X(p)mem 1, (p_lqt) m
g = Dm0 X0 B 1700 O e

omparing with (1.1), we have
") = —Lp(=mt xw™ ). (4.)
This says that if s is a nonnegative integer congruent to m modulo (g), then

w™ () ()= —Lp(=s,t,x0™ ). (4. )

s the p-adic -transform of the measure w™ | the integral on the left is analytic for s €  ([11],
orollary 12. ) by ([7], Theorem .1 ), the L-function on the right is also analytic for s € . Since
both sides are analytic and they agree on the set s € s>0,s m (mod (q)) ,their e uality

holds for all s €
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The following system of congruences, whose proof is easier than that of orollary .2 due to
the absence of the regularizing factor, follows directly from this theorem.

OROLLAR .. X

P m te o,

B,, = Xm m=lp . (p~lqt
i (@) = Xm (D) xm (P t) 0 (mod ¢ )

For the characters involved this corollary improves Theorem 4.10 and Theorem 4.12 of [7] by
relaxing the restriction on |¢| by a factor of pg=! |, where = lem( ,¢), and it improves Theorem
4.2 of [1 ] by removing the restriction that (g) divides

By means of the isomorphism [[ —1]] we can express L,(s,t,x) as an integral
with respect to the measure  forallt e

OROLLAR . . X P
te ,

= in ,

t € s € m €
w™() qt X ()= _Lp(_57t7me 1)-

learly ()= , () in [[ —1]] since this ring is isomorphic to the ring
under addition and convolution, the first statement follows by noting that under this isomorphism

v, () v, and . Therefore from Theorem 4.1, for t € , we have

—Lp(=s,tx™ )= w"() (x )= W) et () (4T



By observing that qgt = (1 ~1gt) , the integral on the right can be expressed as

T 7N (5 E N ) IR W w O)

= T e () T o (0) (4. )

S _
= - (qt) L:D( — 5, xw"” ! )7

which clearly shows that for any s €  the integral on the right in (4.7) is analytic in ¢ for ¢ €
Since both sides of (4.7) are analytic for t €  and they agree for t € , they must be e ual for
all t €

e now show how this corollary can be used to express the partial derivative with respect to s

of L,(s,t,x) at s = 0 in terms of p-adic special functions, generalizing formulas of Diamond [4] and

Ferrero-Greenberg [ ]. e recall [9] that the Iwasawa p-adic logarithm function log, C,  C, is
the uni ue function on C, such that log,(z) = (1) (z-1) for [z — 1] < 1, log,(z ) =
log,(z) log,( )forallz, €C,,andlog,(p)=0. oritasp-adic gamma function , , »

is the uni ue continuous function on , satisfying ,(0) =1 and
p()=(=1) (4.9)

for all positive integers (cf. [ ], h. 21). Diamond s p-adic log gamma function , (not e ual to

log, ) is defined [ Jforz € C, ,by

p —1

p(z) = lim (z  )(log,(z )-1). (4.10)

Diamond s formula ([4], Theorem ) for L, (0, x) reads

p —1
Ly(0,x)= xi() » P — Ly(0,x) log,( ) (4.11)
1
p
for any primitive Dirichlet character y such that y; has conductor when ( ,p) = 1 this is
e uivalent to the formula
—1
L,(0,x)= xi()log, » — —Lp(0,x)log,( ) (4.12)

1
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of Ferrero and Greenberg ([ ], roposition 1). The agreement between these formulas can be

established by means of the relation, forz € ,

log, S)= (4.1)

(cf. [ ]). For positive integers , Diamond ([4], Theorem , Theorem ) also showed that

(p)- "7
L,y )= -——2— X ) — 4.14
‘p( ) ( _1) X 1( ) P p ( )
P
(with the obvious exception that = 1if x; = 1) again, if the conductor of x; is coprime to p
this is e uivalent by (4.1 ) to
_ -
LX) = ()log, )~ (@.1)
P y X — ( — 1) X1 gp P . .
1
TH OR M X X1
P t e
p —1 gt
Ot = ) » = = L0 leg, ().
1
p
( 7p) = te »
L0t x) = xa()log, = Lp(0,x) log, ().
1
By orollary 4. |,
—Ly(st,x)=-— @) e~ ()
(4.1 )
= W) ot g, at (),
where = , which shows that in particular
—SLp(O,t,X) = W™l ) log, gt (). (4.17)



Since gt = (1 ~'gt)forall €  andallte by Theorem 4.1, (4.11), and (4.14) we

have

— 1,060 = ©'()log, () 1(_1) @ OO
Loy @ e O
_L(0,y) lﬂ@t) Ly( v )
= 1><1() p o5~ Le(0x)log, (1)

' (4.1)
lﬂ(qt) ((_p_)l_) p_:m() 5 P

V) g
- 1Xl() — Lp(0,x) log, ()
_ | ) pqt — Ly(0,x) log, (),

using the fact that , is locally analytic on C,  , (cf. [ ]). The second statement then follows
from (4.1 ).

In ([7], Theorem 4. ), Fox proved that for all characters y, the L-function has an expansion

Ly(s,tx)= " (@) Lyls  mixm) (4.19)

m

valid fort € and s € . ( e derived this formula for characters xy whose conductor is not a

power of pin (4.7), (4. )). This result directly implies a generalization of Diamond s formula (4.14).

TH OR M . . X X1
:1 Xlzl SE
t e
(-p)~ "7 qt
Lp(7t7X):7 ()



Lt = e, )
sing (4.19) and (4.14) we compute
LOtx)= )l mn )
- - (qt)m((—p )‘_‘1”; ’ _:Xl() L
(~p)~ "7 0) qt

Iﬁ Xl()p )

using the local analyticity of 1(0 ) on C, . The second statement then follows from (4.1 ).
T NDING Ly(s,t,x) H Np=2.

In this last section we describe how L (s,t,x) may be extended via the 2-adic -transform
tot € L | when the character y is not of the second ind. The extension is not uni ue, as it is
analytic in ¢ only on , but is su cient to imply congruences which complement those of orollary

.2 and orollary 4.2 of this paper, and generalize Theorem 4.2 of [1 ]. e say that a Dirichlet

character y is a character if either = or = ¢ with ( ,p)=1 we say that y
is a character if either =1or =gp with 1.
TH or M .1. p=2 X

L (s,t,x) s tel

t 1 s € m

t e




tel

Suppose first that x = w, and define L (s,#,w), as in Theorems .1 and . , by

L, (O)=0-w() L (=stw), (-1

where is a fixed positive integer congruent to —1 modulo 4, and z = —4¢. Then L (s,t,w) is
analytic fors € foranyt €1 | andforte has the indicated value at s = 1 — m for positive
integers m. Furthermore, since = forall € if s is an even positive integer, by ( .7)
the function I (s,t,w ) also has the indicated value at s = 1 —m when t € L and m is odd.
So to complete the verification of the formula in this case we must compute L (1 — m,¢,w) when
tel and m is even.

sing the identity w( ) = (- 2) ( 2)(—) forall € ,where denotes a fixed s uare

root of —1, we have

w() o, )= 20, 0) (20, (= ) (2)

ow we assume t € L so that z = —4t € 2 4 therefore w( —z) = —w( ) forany €

Then writing

(1-) 1-
O
(=) - ()
- -1 -1
1 1
we find
w () L, ()==20,0) (20, (=)
_ w(( =) 7w —a)
1 -1 1 -1 (.4)
_ w() ) w() ~
1 1
==, ()
s observed in Theorem .1, = =0 because z € 2 therefore,

w() o, ()= wl) 0, ()



and substituting = in ( . ) and comparing coe cients of ™ m gives

B 1,w(=7)
m

w() ™ o, ()= Tou (=" e() - )

m o o_ mandmlz m

for any positive integer m. Since w( ) ™ = ! when m is an odd integer,

(. ) says that

(-7)

. 1)Bm Lxm  (4) = Xm 1(2)2"Bm 1, (20)

= (=)™ (1= x() 2

when y =w, 2 = —4t € 2 4 | and m is an odd positive integer. This proves the formula for
Y = w.
ow if y is a primitive Dirichlet character whose conductor is not a power of 2, then we

define
Xw, ( ) =-L (_87t7X)7 ( . )
fort €L | with vw, asin Theorem 4.1. s in the case ust considered, L (s,t,x) is analytic for

s € for any such ¢, and has the indicated value at s = 1 — m whenever t € or when m is odd.

By definition of . , we have

()= ()= X0 O (9)

—
—

where is the conductor of xyw. Then since w( ) = (- 2) ( 2)(—) forall € | weget

w() xw, () =~- (.10)

fort € L | invo ing the identity w(  ¢t) = —w( ) for such . pplying the operator to both

sides of ( .10) gives

since xw( Jw( ) = x( ) for odd integers . Substituting = and comparing coe cients of

™ m gives

B 1,x(41) = X(2)2" B _1,x(21)

w() ™ e, ()=~ Tox()=- = (-12)
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for any positive integer m when t € L . So if m is odd we have

m o, ( ): (_1)mBm 1,Xm (4t) — Xm 1(2)2mBm 1,Xm (Qt)

Y ('1)

m
proving the formula.

In either case, L (s,t,w) can be shown to be an analytic element in # on 1 by the same
argument used in the proof of Theorem . . This completes the proof of this theorem.

It will be observed that the function described in this theorem is not canonical indeed, instead

of ( .1) we could have defined a function L (s,#,w) by

w(') v, ()=0-w() DL (-stw), (-14)

and instead of ( . ) we could have defined

w( ) v ()=—=L (=s1x) (1)

for characters x whose conductor is not a power of 2. hile these agree with ( .1), ( . )fort € |
they di er from ( .1), ( . )insignfort € L . Thatis, L (s,t,x) = L (s,t,x) when t € but

L (s,t,x) = —L (s,t,x) when t € L . The definition ( .1), however, coincides with Theorem

=

wherein L (s,t,w) was defined on
e conclude by stating the congruences for the generalized Bernoulli polynomials which follow
directly from this theorem.
OROLLAR . . p=2 X

tEl m

(-1 B (41) = X1 (2)2™ 71 By, .., (2t)

1
d =4
-~ 0 (mo 5 )

B (41) = Xm (2)2" ' Bin ., (21)

(=™
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hen is even, this result is covered by ([1 ], Theorem 4.2) indeed the factor of (—1)™ in the
terms of the congruences was invisible to that theorem because of its assumption that was even.
hen y = w the factor of 1 2 in the moduli of the congruences may be omitted this factor arises

from the 2-ordinal of the regularizing factor, as in the proof of orollary .2.
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