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We extend the methods of our previous article to express certain special values of p-adic
hypergeometric functions in terms of the p-adic gamma function and Jacobi sums over general
finite fields. These results are obtained via p-adic congruences for Jacobi sums in terms of
multinomial coefficients, and allow one to more fully exploit classical hypergeometric identites

to obtain p-adic unit root formulae.

1. INTRODUCTION.

In [15] we gave some explicit formulae relating Jacobi sums over the prime field F, to values of
p-adic hypergeometric functions. These formulae were obtained from combinatorial identities and
the methods of Dwork ([4], [5]) and Koblitz [7], and may be viewed as p-adic analogues of classical
results. The primary focus of this article is the generalization of these results to include Jacobi
sums defined over finite extensions of F,.

We begin in §2 by giving congruence results for general Jacobi sums over finite fields of char-
acteristic p > 2 in terms of multinomial coefficients. The main tools are the Gross-Koblitz formula
and the properties of the p-adic gamma function. For Jacobi sums which are not p-adic units, the
congruences we give are stronger than those typically predicted by the theory of formal group laws.
We then apply these results to hypergeometric functions in §3 to give p-adic analogues of classical
formulae. Equation (3.7) below is perhaps the best example (particularly in the case n = 2m),
and the cohomological interpretation given in [15] remains valid relative to the Frobenius map
(z,y) — (z?,y?). The results (3.24), (3.27), (3.28), and (3.44) of [15] may also be extended by the
methods found in this paper.

In §4 we consider the elliptic curve with affine equation y? = z°

— z which has supersingular
reduction modulo p when p = —1 (mod 4), and show that the roots of its zeta function over F,2 may

be obtained from a limit of p-adic hypergeometric functions, although this is not the specialization of

a uniform limit. As a further application, we also express the formal-group congruences associated
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to an Apéry sequence in terms of Jacobi sums.
2. JACOBI SUMS AND MULTINOMIAL COEFFICIENTS.

Throughout this paper p will denote an odd prime, F, the finite field of ¢ = p/ elements, /A
the ring of p-adic integers, Q, the field of p-adic numbers, K the unramified extension of Q, of
degree f, C, the completion of an algebraic closure of Q,, “ord” the valuation on C, normalized so
that ord(p) = 1, and O the ring of integers of C,. We let 7 € O be a fixed solution to 777! = —p
and let ¢ be the unique p-th root of unity in O such that ( =1+ 7 (mod 7%90).

We define a map a — o' on Q()Z, by requiring that pa’ — a = u, € {0,1,2,...,p—1}. We

(9)

write a{®) = o, and ol = (a(i_l))’ for ¢ > 0; we also will write o’ for p ). It follows that the
u(ai) are the digits in the p-adic expansion of —a, that is, —a = Y=, u(ai)pi. It is easy to verify
that this map is well-defined and continuous; that a!?) = 0 for some 7 if and only if « is zero or a
negative integer; and that o!f) = o if and only if « is a rational number in [0, 1] with denominator
dividing ¢ — 1.
The p-adic gamma function I', is defined for positive integers n by
Lp(m) = (=0 T 4 (2.1)

0<j<n
pfi

and has an extension to a continuous function I', : Z, — ZJ, which is Lipschitz with constant 1,

and satisfies the functional equations of translation and reflection

(et = —zlp(z), = €Z), (2.2)
' Tye), @€ ply '
Ty(2)Tp(1—2) = —(~1)", =z €L, (2.3)

Let ¢ : F, = Q,(C) be the additive character on F, defined by ¢(¢) = (*, and let ¢; : F, —
Q,(¢) denote the additive character on F, defined by v(t) = ¢ (Tr(t)), where Tr: F, — F, is the
trace map. The Teichmiiller character wy : F; — K is the unique multiplicative character on F,
such that, for all ¢ € F,, the reduction of wy(t) mod pis t. (We extend all multiplicative characters

X using the convention x(0) = 0.)
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For o« =a/(q — 1) with a € Z, the Gauss sum g(w;“) over F, associated to the characters ¢

and w;“ is defined by

g™ = = > ey (1) (2.4)

tew,

Write @ = t(q — 1) + ¢ with t,¢ € Z and 0 < ¢ < ¢ — 1, and put v = ¢/(¢ — 1); then from the

Gross-Koblitz formula [6] we have

—a —c ﬂ-S(C) = [
g(wf ):g(wf )= Ch ) HFP(7())7 (2.5)
i=0
where
_J1, ife<qg-1,
Gl_{q, ife=¢q—1, (2.6)

and where S(c) denotes the sum of the digits in the base p expansion of ¢. (Allowing both ¢ = 0
and ¢ = ¢ — 1 will be useful later.)
If s >2and x1,...,Xs : F; = K are multiplicative characters, the Jacobi sum J(x1,..., xs) is

defined by

J(Xt, e xs) = = > xa(th) - Xs(ts). (2.7)

ot to=1
A modification of ([13], Lemma 6.2), using the results of [14] or ([9], Theorem 1.1) shows that
(=1)*  glx1)---g(xs)

J(X1s s Ys) = : 7 9.
](Xh 7X) G2 !](Xle) ( 8)

where

Gy = { 1, if xq1---xs is nontrivial, (2.9)

q, if x1---xs is trivial but each x; is nontrivial.
The following lemma will be used to relate Jacobi sums to multinomial coefficients via (2.5)
and (2.8).
LEMMA 2.1. Suppose my, ..., ms are nonnegative integers and write m; = k;p + l; with each
l; €{0,1,...,p—1};set m=mq +---+ms, k =k +---+ks,andl =11 +---+1;. Lete be a

nonnegative integer and set § = [(I +¢)/p]. Then

(m4e)l k! k! (—p)} Lp(=mq) -+ Tp(—ms)
(E+38)!mq!-mg! P [,(—m—¢) '




JACOBI SUMS 4

Proof. We note that (—m; )’ = —k; for each j and (—m —¢)’ = —k — 4. From the definition of I',

we have
_om!
—T,(14+m;) = (-1)™ip~H kﬂ, (2.10)
;!
and a similar expression for —Fp(l + m +¢). Therefore we have
(m4e)lkq!- k! tlte 8 Iy(1+m+e)
= (=1)° € . 2.11
(k+8)!mq!---my! (=1) P Lp(T4+mq)---Tp(1+ my) (2.11)

The lemma then follows by applying the reflection formula (2.3), noting that each p_,,;, = [; and
Pem—e =+ —pd.

We now give our principal congruence result for general Jacobi sums.

THEOREM 2.2. Let ay,...,a5 € Zy(1Q([0, 1) satisfy a; = a;/(q — 1) with each a; € Z, and
set &« = a1 + ---+ as. We assume that o > 0, and if « € Z we also assume each a; > 0. For
r > 0 define the nonnegative integers n;, = (¢" — 1)a;, n, = (¢" — 1)a. Let t be the greatest
integer strictly less than o, and suppose t < p. Let e be the p-adic ordinal of the Jacobi sum

—as

J(w?“l, W ). Then for each r > 0 we have the congruence

( nr—l_t )
Ny ey Mg ey b _ _ _
;’ 1’_}_5;’ —(—l)sJ(wfal,...,wf“S) (modeeqT IZp).
e
(nl,r—lw'wns,r—ht)
fr=1 (i)

Proof. For j =1,...,5s we may write n;, =) : ,ua].pi. For 0 <i < f—1 we will apply Lemma

2.1 with —m; = (—n;,), so that —k; = (—n;,)0*) and [; = u(cf]) For each i we choose the
(1) (i)

nonnegative integer £ = ¢, so as to satisfy (—n, —)() = My, =

d = £;41 in the notation of the lemma. Thus ;41 = [[(u(a? + .4 u(cfz +¢;)/p], i.e., €i41 is the

— ¢;; this implies that

number of carries from the (i+1)-st to the (i +2)-nd digit in the base p addition of @y + - --+a,+t.
Writing @ = a/(q— 1) with a = (¢ — 1)t +c and 0 < ¢ < ¢ — 1, and setting v = ¢/(¢ — 1), it follows
that n,. +t = ¢"t + (¢" — 1) for each r > 0. From this we see that (—n, — t)(f) = —n,_; —t for
each r > 0, implying e; = g9 = 1.

We take the product on both sides of these equalities from Lemma 2.1, as ¢ runs from 0 to
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f — 1. On the left, the product telescopes, yielding

f—1 . .
(1 + D)0t omg T D)) Ty (<))
- : — : ‘ : 2.12
(nr—l +t)!n1,r!"'ns,r! ( p) E) Fp((—n,, _t)(z)) ' ( )

where e = ¢ + -+ - + £ is the number of carries in the base p addition ay 4 --- 4 a, + ¢, since we

assume €5 =t < p. Since I', is unit-valued and Lipschitz with constant 1 we have the congruence

f-1 Up((—=n1 ) @)Dy ((=ns,) ) f-1 Fp(oz(f)) N Tp(a(si)) .
g Ly((—n, —)0) 1}) r,>0) (mod pq"~'Zy), (2.13)

and therefore
f_
(n7‘|’t) nl? 1' nsr 1 _ e Fp

(ne—1+ ) ng ot ong ! i (i )

—
=

(mod p'*eq"'Z,). (2.14)

.

We claim that the right member of the congruence (2.14) is precisely (—1)*J(w; ™, ...,w; ™).

From (2.5) and (2.8), we see that

f-1 (4) (4)
s —a —a, Fp(al ) ..'FP(QS )
(=1 T (™, wi®) = w9 <|_|0 T, () ; (2.15)

where g = S(ay)+---+ S(as) — S(c); note that, since 0 < ¢ < ¢—1, we have ¢ = ¢ — 1 if and only if
w;* is trivial, so that the factors Gy and G5 from (2.6) and (2.9) always cancel. Thus we need only
show that e = g/(p—1). Since a+t = tq+c, we have S(a+t) = S(tg+c) = S(t)+S5(c), and therefore

g=S(a1)+ -+ S(as) + S(t) — S(a+1t). As it is well-known that ord(n!) = (n — S(n))/(p — 1),

a+t

ayp;e,as,t

we see that g/(p— 1) is the ordinal of the multinomial coefficient ( ), which is precisely the
number e of carries in the base p addition a1 + - - -+ a5 + t. The proof is now complete.

When e > 0 these congruences become stronger than those generally obtained from formal
group laws. Considering the simplest case, suppose that f =1 (so p = ¢); then e = &y = t. The

result for s = 2, e = 0 has been given previously ([15], Corollary 2.2). The congruences of Theorem

2.2 hold modulo p"*'Z,, and therefore one has the result

n, +1 R —a —a, nyq_1+1 -
( t)E(—l) T ™, @ )( 1 ) (mod p'*972Z,),  (2.16)

N1y eey Msry nl,r—17"'7ns,r—17t
since the multinomial coefficient on the right side of (2.16) has p-adic ordinal (r — 1)t. For t > 1

such results have been called supercongruences.
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A second interesting case is obtained by taking an integer d > 2, an odd prime p such that

p=—1 (mod d), s =2, and @y = ay = 1/d. Taking f = 2, ¢ = p%, one then has e = 1, ¢ = 0, and

(2((]:" 1) /d) O
_ =0 (modq'Z), (2.17)
(2( Y /d) tp

the congruences read

(¢t —1)/d
as it is easily verified from (2.8), (2.5), and (2.3) that J(w, *',w; ') = —p. The r = 1 case of these
congruences has been given in ([8], Proposition 3.1); in the cases d = 3,4 they arise from formal
groups associated to certain supersingular elliptic curves and are related to elliptic cohomology. In
§4 below we examine the supersingular elliptic curve with j = 12% which corresponds to the d = 4
case.

As the occurrence of the integer ¢ in the multinomial coefficients of Theorem 2.2 is rather
artificial, it is natural to remove it, which we now do.

COROLLARY 2.3. Under the hypotheses of Theorem 2.2, for each r > 0 we have the congruence

oy
( (m,:;;..,lns,r) ) = (_1)5'](“;@7 ...,w;as) (modpb"'d"'eqr_lZp),
Mr—1yeey N5 r—1
where d =0 if o +t < pand d = —1—ord(a/ — 1) if pio,+t > p, and b =1 — sgn(t). Furthermore,
in all cases we have b+ d + e > 1, so the congruence always holds modulo pq"~'Z,.
Proof. As before we write a« = a/(q—1) witha=1#(¢—1)4+cand 0 < ¢ < ¢g—1. If £ = 0 the results

are immediate, so assume 1 < u <t < p; then for all » > 0 we have

meeitu (0 =)o/ (u - a)

(
L Y TT) (2.18)

If ord(ov — u) > 0, then p, = p— u, whence p, +¢ > p; in this case set —d = ord(a — u), otherwise
set d = 0. In the former case, we note that « — u = a4+ p, — p = p(a’ — 1), showing that the two

definitions of d coincide. By writing

(et _ (—wet et
o —u= 1 = ] (2.19)
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we see that —d < f, and that —d = f if and only if ¢+ u = ¢, in which case a + v = tq with ¢t > 2
and o — u = cq/(q — 1). It follows that the denominator of the right side of (2.18) is a p-adic unit

for all » > 0, and therefore

(np—1+ 1) (ny_1 +1)

(nr + 1) e (nr + t) =1 (mOdpqu_1ZP)7 (220)

from which it follows that

(neine) _ ontnr)
Tyt 5,7 Tyt 57’7t —
1, fe, = 1, fe, (mod p*teq"1Z,), (2.21)

nr—1 ny_1+1t
N1r—1y -0 Msr—1 nl,r—la"'ans,r—lat

since the right member of this congruence has p-adic ordinal e. Since d < 1, comparison with

Theorem 2.2 proves the first assertion of the corollary.

We now recall that e = 14+ - -4-¢ is the number of carries in the base p addition a4 - -4-a,+t.
From (2.19) we see that ord(a — u) = ord(a + u) = —d. Since the first —d digits of a 4+ u are zero
and a < a4+u < a+t, wehavee; > 0for 0 <i < —d. If —d < f then we havee > —d+4¢; > —d+1
since we assume t = ey > 1. If —d = f then ¢ > 2 by the remarks following (2.19); thus all £; > 0
and £5 > 2, whence e > f+ 1. Thus d+4 e > 1in all cases, completing the proof.

3. JACOBI SUMS AND p-ADIC HYPERGEOMETRIC FUNCTIONS.

We recall from our previous article [15] certain results and definitions concerning the p-adic
theory of hypergeometric functions. If ay, ..., g, 71, ..., 7k—1 € Q()Z, and none of the v; are zero
or negative integers, we define for 7 > 0 the hypergeometric series

O 0 (i)
A o g oeeey n O{ n « n n
FO(X) = Foy (7(; f ,X) E A () X" = § 1 (( - n_ x . (3.1)

) 7’Yk 1 n=0 (P)/k 1) n!

pS—1
and for 7,5 > 0 set F" (X)= Z Al (n) X ™. Suppose that the parameters satisfy the conditions

(Cl) |7]('L)| =1 for all 2 > 07 J — 17 ___7]€_ 1;

(C2) For each fixed ¢ > 0, supposing the indices are rearranged so that ,u(azz <0< u(;,l and

H(w) <. <L u(ﬂ, where v; #1for 1 < j < mand y; =1 form < j <k — 1, we have

u(w? > ,u(a?ﬂ forj=1,...m
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Then for all i > 0 we have () (X) € Z,[[X]], and for r > s > 0 there are formal congruences
FE (O FIHD(X7) = FIHD (X FYL (X)) (mod p+1Z,[X]). (3.2)

These congruences imply that the ratio F(°)(z)/F()(2?) is the restriction to the disk {z € C,

|z| < 1} of the analytic element (i.e., uniform limit of rational functions)

S (1 o) = i FD 0/ E 07), (33)

Y1y -y V=1 r—00

which is supported on the Hasse domain
D={xeC,:|F(z)]=1foralli>0}. (3.4)

For series satisfying F(/) = F(O) we will obtain products of Jacobi sums over F, as values of

the analytic element of support D defined by

kﬁﬂ(“““%:)—hmF (2)/ D (27) (3.5)

Y1y V=1 r—=
(cf. [4], p. 42), whose existence as a uniform limit for z € D follows from the the formal congruences

(3.2) and the observation that

i+1

F9 (z)/ H Q@) FEED @, (3.6)

We note that the limits in (3.3), (3.5) may exist in Q, for certain values of z € O not lying in D, or
when the hypotheses (C1), (C2) are not satisfied; but in this case they need not be specializations of
uniform limits. Here we will evaluate the limits (3.3), (3.5) at 2 = +1 € © for functions satisfying
(C1), (C2). Our method will be to p-adically approximate the given series by terminating series
which can be evaluated by combinatorial results. For fixed zo € ® the truncated series Fs(i)(xo)
are rational functions of the parameters a( ),'y( ) and therefore one may appeal to their continuity
with respect to the parameters (cf. [7]), although this need not be the case for the nonterminating
FU) (z0).

We generalize our previous result ([15], Theorem 3.1) giving a p-adic analogue of Kummer’s

theorem, which gives the value of a well-poised 2 F;(—1).
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THEOREM 3.1. Let T denote the set of all («a, 3) € Z2 such that —1 € D and both (C1), (C2)
are satisfied for the series F'(X) =3I (2er, 3;14 2a — 3; X). Then («, 8) € T if and only if

(i) Q;L(ai) < ,ug) for all © > 0;

(ii) If B # 2« then ,u(ﬁi) —ul) < (p—1)/2 forall t > 0.

Furthermore, if (a, 8) € T then

2, 3 _ Lo (@) Ty(B—a)
ﬁﬁ(1+2a—ﬂ“4)‘*‘” T, (20) Ty (5~ 20)

and if in addition ((q — 1)a, (¢ —1)3) = (a,b) € {0,1,...,q— 1}* then

a—b

23'(1f) ( 20{7 ﬁ _1) — (_1)(1 J(w;a7wf ) )

142a—4 J(w, i)

Proof. Suppose (o, 3) € T, and set vy =1+ 2a — . If v = 1 then § = 2a, so ug) = N(gg for all
i. Since (8 — 2a) + v =1 we have Nf@i)—m + ,u(wi) =p—1forall ¢, s0if v # 1 then by (C2) we have

H(j) > H(227 ,ug), which implies that for all 1,

u(;fy + u([f)_m <p-1, (3.7)
My A 15l ge <P = 1. (38)

From (3.7) we see that in fact
uo + MS)_M = u,(gf) <p-1, (3.9)

so in any event we have 0 < N(;c)y < H(ﬁi) for all 7.

Since we assume that F'(X) satisfies (C1), (C2), we note that

i —-M,—n
Fl( )(—1) =k (1_|_ o M —1) (mod pZ,), (3.10)

where M = ugg and n = ,ug). By equating coefficients of 7™ in the expansions of (1-T)"(1+T)" =

(1 —T?)" one obtains, for 0 < M < n,

S () {0 e

k=0
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() =G G- k) (3.12)

3 ”kmzmmﬁ
=)

if M = 2m < n, whereas the sum in (3.13) is zero if M is odd. But since this sum is precisely

Applying the identity

in (3.11) shows that

(3.13)

o I (=M, —n; 14+ n — M; —1), we see from (3.10) that —1 ¢ © for our F(X) unless M = ;L(QZC)Y is an

even integer for all ¢ > 0.
Since ugg must be even for all ¢, we have ugg = 2;1(;) forall 7. From (3.9) we see that Q;L(ai) < ,ug)

for all 4, giving (i). Then substituting the equality in (3.9) into (3.8) yields Qltg) —2ul) < p—1,

giving (ii).
Now suppose (i) and (i) hold. From (i) we see that ,u(22 =240, ul) + ,ug)_a = ug), and

M(QZC)Y + u(ﬁi)_m = u/(,;) for all 4. If v # 1, then from (ii) we have

w) = =1) = nfl,,

= (p— 1)+ ub2 — ) (3.14)
= (-0 +20 — 1)+ 1) > uf) > 240 >0,
and therefore the hypotheses (C1), (C2) are satisfied for /(X). By comparison with Theorem 2.2,
we see that for m = u(cf), n = ,ug), M = 2m, the binomial coefficients on the right side of (3.13)
are p-adic units, showing via (3.10) that —1 € ©. Thus (o, 3) € T, proving the first statement of
the theorem.
The basic idea of Koblitz [7] shows that («, 8) — 251 (2e, 5;1 4 2o — 3; —1) is continuous on
the set T'. For r > 0 and (o, 3) € T set m, = 2:01 ,u(ai)pi and n, = E:;OI ,u/(;)pi. Since
(@) () (i)

(Hyos g 1y ), TFO<i<r,
0,0, 1), iti>r

() (0 )

(Iu—2mr7l'l“—nr7lu1-|—nr—2mr) — { (315)

we see that (—2m,, —n,) € T as well, because the pair (0,0) clearly satisfies conditions (i), (ii)

above. We note that (14 2a — 3)' =1+ 2a' — p" and (1+ n, — 2m,.)' = 14+ nl. — 2m/. for all r.
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Therefore if s > 0, it follows from (3.2) that there exists R > s+ 1 such that

(=7 ) = o (2471 1)
251 ;—1 T Al
Fs(m ’:ﬁ;(—l)p)

v

—2my, —n,
FS+1 < + ny — er’ _1)
= o T 7 (3.16)
(s 1)

1+nl — 2m:,;

—2m,., —n,

F< Ty ro. _1)
14+ n, —2m,.’ s

= 7 7 (mOd p +IZP)

_Qmm_nr .
F(1 +n —2m (—1)p)

for all » > R, the second congruence holding because the Fy)(—l) are rational functions of their

parameters. We then use (3.13) with M = 2m,., n = n,, and with M = 2m., n = nl, and Lemma

r fl

2.1, to obtain

201, . + n, __QmT7 _
25 ( Y 67 1) - rlggo —om! —n!
o (1+n:f”— am! 5 ( 1)?)
n n!
= 7520( ) n'\ . n, (3.17)
(m;,) (Qm,,)
= lim (—1)mr—mlr Fp(_mr) Fp(mr — nT)
r—00 F,p(—QTIlT) Fp(er — nr)

o D@, a)
= 0 R T, (5~ 20)

as desired.

The Jacobi-sum values of the associated 23'(1f) for a, 8 lying also in qlTlZﬂ[O, 1] may be obtained
from (3.17) with the aid of (3.6), (2.5), and (2.8), or directly as follows: Noting that m,; = (¢"—1)«,

ney = (¢" —1)B, (—QmTf)(f) = —2m(_1), (—nrf)(f) = —n(y—1)f, and (14 n,5 — Qm,,f)(f) =
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L+ ng_1yf — 2m(-_1)s, we substitute (3.16) in (3.6), yielding

—2Myp, —Nrf
2 11 (1 + Ny — erf’_l)

2{§(1f) (2 7ﬁ;—l) = lim 5
Y r—00 — m(,,_l)f, _n(r—l)f .
F —1)1
241 (l—l-n(,,_l)j — 2771(7,_1)]?7 ( ) )

n — o
() G, ) (3.18)
= lim (=1)"~~"e-nf (r=1)f
r—00 (n('r—l)f)< Trf )
M(r—1) 5/ \2my s

T
J(wf Ay )

via (3.13) with M = 2m,., n = n,s, and with M = 2m,_yy;, n = n(,_1) ¢, and Corollary 2.3. This
completes the proof.

We remark that, by (3.13) and Corollary 2.3, the limit of hypergeometric functions given in
(3.18) is indeed correct for any «, 5 € quZ N[0, 1] such that 2a < 5. However when («, 3) ¢ T the
symbol 23(1f) is not justified for this limit, as it need not be the specialization to —1 of a uniform
limit on that residue class.

We now give a generalization of Dixon’s theorem, which gives the value of a well-poised 353 (1).
We give a proof along somewhat different lines than the one given in [15] for elements of p%lZ.

THEOREM 3.2. Let T denote the set of all («, 3,7) € Z3 such that 1 € © and both (C1), (C2)
are satisfied for the series F(X) = sFy(2a, 8,7;14 2o — 8,14+ 2ae — v; X). Then (o, 3,7) € T if
and only if

(i) Q;L(ai) < ug),u(j) and u(ﬁi) + ;L,(yi) - u(ai) <p-—1foralli>0;
(ii) If 2a, 3, are not all equal then ,u(ﬁi) + ,u(wi) - 2,11(;) <p-—1foralli>0.

Furthermore, if (a, 8,7) € T then

3, ( QOA,ﬁ,")/ _1):(_1)/¢a FP(Q)FP(P)/_Q)Fp(ﬁ_a)rp(ﬁ+7_2a) .
214 2a-8,1+2a -7’ [,(20) Tp(y = 20) T, (B —20) T, (B+ v — @)’

and if in addition ((¢ — 1)a, (¢ —1)8, (¢ — 1)v) = (a,b,¢) € {0,1,...,¢— 1}> then

—a 2a—b—c —a a—b
33’(” ( 20‘7ﬁ77 1) _ (_1)a '](wf 7wf )'](wf 7wf )
* \1+2a-8,1+2a -7’ J(w;“,wi““c).](w;“,wi“_b)
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Proof. Suppose (a,8,7) € Tyset § = 14+2a—Fande =14+2a—7. If § = =1 then

200 =3 =1, 50 ,ugza) = :“g) = ,u(wi) for all . Note that ,u(ﬁi)_m + ,ugi) =p—1and ,u(j)_w + ,u(ai) =p-1
for all . Therefore if &, ¢ are not both equal to 1, (C2) implies that for all ¢ > 0, either ugi) > Mgg

or ,u(gi) > /‘(227 so that for all 7,

) (9) (9) (9)

phy 4,y <p=1 or i)+ pl),, <p- 1 (3.19)

Now if for some ¢, say the former half of (3.19) holds, then in fact

i) ) o < nG <) F ) 1 <p -1, (3.20)

so in particular ,u(i) < ,u(i) for such ¢. But then (C2) requires that both ,u(i),,ug) > ,u(i), so both
2c 8 5 20

inequalities in (3.19) must hold; thus in fact for any ¢ we have

w05, =0 a4 ), = ), (3.21)

() < 0 00

so in any event we have py, < pg’, py” for all 4.
Since we assume that F'(X) satisfies (C1), (C2), we note that

=5, —m, —n -1) (mod pZ,), (3.22)

(1) (1) —
B (1)_3F2(1—}—m—5,1—}—n—57

(9) (9) (9)

where S = ,u;a, m = pg and n = py’. A terminating form of the classical Dixon’s theorem ([10],

eq. (I11.9)) states that for n,m € Z*, we have

e -2s, —m, —n ) = (1-28),(1+m—1s), (3.23)
1+m—2s,14+n—2s (1=98),(14+m—2s),

if 2s is not a positive integer. We invoke the identity (14 z), = I'(1+ 2z 4+ n)/I'(1 4+ z) to express
each factor on the right side of (3.23) in terms of the classical gamma function. Using the classical
functional equations I'(1 4+ z) = zI'(z) and I'(z)['(1 — z) = mcscmz (here m has its more usual
meaning) we obtain

M(1-s) I'(142s)

(1= 25) = T 19) COS TS, (3.24)
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which shows that the value of the 3F5(1) in (3.23) is equal to

o8 1 [(14+2s) (14 n—2s) F(l—l—m—l—n—s)F(l—I—m—Qs)' (3.25)
'14+s)M14+n—-—s)I'(1+m—s)I'(1+m+n—2s)

As functions of s, both the 3/5(1) in (3.23) and the expression (3.25) are continuous at s when 2s
is a positive integer such that 2s < m,n, so their equality holds also in this case. Note that if 2s
is a positive odd integer and 2s < m,n then cosms = 0 and the expression (3.25) is therefore zero.

Since cos7N = (—=1)Y and ['(1 + N) = N!for N € Z*, we obtain the identity

(m—l—n—s) (m)

—2s5,—m, —n s s s

3hy (1 ;1) = (=1 ;
+m—2s,14n—2s n— 8 m

valid for integers positive integers s, n, m such that 2s < m, n, whereas this value is zero if 2s is a

(3.26)

positive odd integer and 2s < m,n. Comparing this result with (3.22), we see that 1 ¢ ® for our

F(X) unless S = ,uglo)e is an even integer for all 7 > 0. Therefore ,LL(QZC)Y = Q;L(ai) for all 7, giving the

first half of (i).

(9)

Since 2uY (&) L)

< g’ py’ for all i, we see that the binomial coefficients (”;), (;”5), and (n;s) all

lie in Z X, where s = pl) m = u(ﬁi) and n = ,u(wi). Comparing (3.22) and (3.26) (with S = 2s) shows
that to ensure 1 € ® we need (m"':_s) € Z,, which requires m +n — s < p — 1, giving the second

half of condition (i).

Finally, if 2a, 3, v are not all equal, then from (C2) we know that for all ¢, either ugi) > ,u(wi)

or ,ug) > u(ﬁi). Thus for all 7,

u) + N/(Si)—m <p-1 or “fbj) + '“(wi)—m <p-1 (3.27)

(9) (9) (9)

but in either case (3.21) yields " + py’ — 28 < p—1, which is condition (ii).

Now suppose (i) and (ii) hold. It follows easily that ,u(22 = 2,u(ai) and (3.21) holds for all 1.

Furthermore, if 2a, 3, v are not all equal, then ,u(li_)ﬂa_ﬁ > ,u(wi) > N(g?y and H(&m—w > u(ﬁi) > ,u(;c)y,

so F'(X) satisfies (C1) and (C2). From (i) we see that for s = ,u(ai), m = ug) and n = ,u(wi), each
binomial coefficient on the right side of (3.26) is a p-adic unit. Then (3.22) shows that 1 € D,

proving the first statement of the theorem.
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g)pi7 my = z;:_ol Ng)pl7 and ny =

Now let (a,3,7) € T, and for r > 0 set s, = S/ 0 p
S 1) pi. Since

@ ) () )

(H(_Z)25r7,u(_zznr7/’L—nr7lu“1+mr—25r7ul+nr_25r
s i s g iidaay), iTOSi <1, , (3.28)
(0,0,0,1,1), ifi>rf,

my, —n,) € T as well. Therefore, for all s > 0 there exists R > s+ 1 such that

we see that (—2s,., —

2a, 8,7
i1
382 (1+2a—ﬁ,1—|—20¢—7’ )

20, B, :
Fot (1430 i1 420 - 7))

B 20/, 3,5/
F (1+2a'—ﬂ',1+2a'—7"1p

—28,, =My, — N . 3.29
_FS'H(1+mr—28r71+nr—28r’1> ( )
- —2sl, —ml, —n!
Fs (1—}—m;, — 25, 1+nl — 23;,’1:0)
—28,., =My, — N .
F(l—l—mr—257,,1—|—n7,—25r’1) s+1
= —9d —m' —n (mod p*T Zy)
F(l +m! — 28,1+ nl — 25 ; 1p)
for all » > R. Then from (3.26) and Lemma 2.1 we have
Iz —28,., —My., — N, 1
20‘7677 . 302 1+m, —2s,,1+n, —2s,?
352 ;1) = lim 7 7 7
d,¢e r—00 —25,,—m,, —n, 1o
32 14+ ml - 28,140l — 25
My + Ny — S0y (M (T = Spy (T
] AT R ISl 16) (3.30)
o Tll)lgo(_l) ' m;, -I— TL;, — 8;, m:, Ny — Sp m,
(" () () ()

= (=1)ke Tp(@) Dp(y —a) Tp(B — a)Tp(B+ 7 — 2a)
[y (20) Tp(y = 20) Ty (8 = 20) T (B + 7 — @)’

giving the second statement of the theorem.

Asin (3.18), the Jacobi-sum values for 33(2f)(oz, B,7;6,e;1) for a, B, v lying also in qlTlZﬂ[O, 1]
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may be obtained by using (3.29), (3.26), (3.6), and Corollary 2.3 to evaluate

—28pf, —Myp, — TNy )
31 (1—1— Mmyf— 285,14+ n,p — 287,f’1

lim
r—00

—2s -m —N(,
P (=) 5 ~Tr—1) 15~ (1) 1
3tz (1 + M(p—1)f — 28(7,_1”, 1+ N(r—1)f — QS(T_l)f !

Myf+ Npf — Spp\ (Myy Nr=1)f = S(r=1)f M(r-1)f
= lim (=1)*/7*0-n7 ( 5t ) Srf ) Str=1)f ) (25(7’—1)f) (3.31)
N =00 r— + r— - r— | r— ° rf — Spf mT’ °
- (Mr-n1 ;Aigw_11))Jff S(r=1)1) (Zz(&*—ll))ff) (" fSTfS )/( s,,;)

J(w;a,wfca_b_c).](w;a,w;_b)
J(w;a7w§ca—C)J(w;2a7w?pa—b) .

= (-1

Again, the limit of hypergeometric functions given in (3.31) is correct for any o, 3,7 € qITlZ N[0, 1]
such that 2a < 3,7, but the symbol ;ﬁgf) is not justified for this limit unless (o, 8,v) € T.
4. APPLICATIONS.

In ([4], eq. (6.29) Dwork showed that for the Legendre family of elliptic curves
Ex:y*=z(z—1)(xz—-X) (A#£0,1), (4.1)

if A7 = X and the reduction of Ey to F, is non-supersingular then the reciprocal unit root a(X\) of

the zeta-function of the reduced curve F/F, is given by

1
2

1
a() = (-0 (1)) (4.2

In [15] we noted that if p =1 (mod 4) and ¢ = p then —1 € D, and the value
a(=1) = (=P (wf T (4.3)

follows from (4.2) and our p-adic analogue of Kummer’s theorem. However, if p = —1 (mod 4)
then the curve F_; has supersingular reduction mod p. Here we show that in this case the roots
of the zeta function of K_; over F,. are also given by a limit of hypergeometric functions as in
(3.18). The symbol 23(12)(%, %; 1;—1) is not justified for this limit, however, because it is not the
specialization to —1 of a uniform limit on that residue class.

This result is obtained from Corollary 2.3 and a theorem of Stienstra [12] as follows: Taking

the double cover U? = ToT{ —TgTy = ToTi (To —T1 ) (To +T1) of P! as a model of E_; and applying
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([12], Theorem 0.1), one obtains the congruences

Bmgr + aﬁmqr_1 + Qﬁmqr_g =0 (mOd qu_lz)7 (4'4)
where 9
m(2m 2m  (2m k :
] — m —-1)* ifn=4m+1,
Bn = (=1) (m) k_O(k)( ) (4.5)
0, otherwise,

and where P (T) = 14 aT + qT2 is the numerator of the zeta function of F_; over F,. When

p = —1 (mod 4) and ¢ = p?, using the first expression B4,,41 = (—1)m(2n7?3) and Corollary 2.3

yields

ﬁﬁi = J(wél_q)/4,w£1_q)/4) (mod ¢"Z,), (4.6)
qr—l

since this Jacobi sum has p-adic ordinal e = 1. Therefore the ratios 3, /3,--1 converge in Z,, and

we also find by induction in (4.6) that ord 3, = r. Setting m = 1 and dividing the congruence

(4.4) by B, then yields

ﬁqr—l

a ﬁqr—Q ﬁqr—l
ﬁqr

q
ﬁqr—l ﬁqr‘

1+ + =0 (modp ~'Z,), (4.7)

and then letting r — oo in (4.7) shows that the ratios (3,,~1/83,- in fact converge to a root of P (T’).
We note that in general congruences such as (4.4) do not imply convergence of these ratios in the
supersingular case (ord a > 0); in particular when p = —1 (mod 4) and ¢ = p this is evident from
(4.5). However, having some other means (such as (4.6)) of establishing convergence, it is then easy
to see that the limit is a root of the associated polynomial.

One may also check directly via character sums that the Jacobi sum in (4.6) is in fact the
reciprocal root of the zeta function of y* = z® — 2 over F,2; that is, P(T) = (1 — aT)* with

Oz:.](w(l_q)/4 wél—q)/‘l)

2 I

(1—q)/4 wél—q)/‘l)

. Indeed, one easily obtains .J(w; ) = —p as in (2.17); since
the reciprocal roots of the zeta function over F, are j:\/——, the reciprocal roots over F, are both
—p. Using the second expression B4p41 = iZO (2]?1)2(—1)]“ in (4.5) we see that the limit of
hypergeometric functions in (3.18) exists when a = i, b= %, v =1, and f = 2; and (4.6), (4.7)

show that the limit is indeed a reciprocal root of the zeta function of F_;, although the root is not

a unit root.
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One should not expect to obtain the supersingular roots over F,, in this manner, because they
have p-adic ordinal 1/2 and thus do not lie in Z,. As noted in ([15], pp. 239, 245), one may view
the Jacobi-sum expression for the limit of hypergeometric functions as arising from the complex
multiplication (z,y) — (—z, \/——ly) on F_y by the fourth roots of unity; this map commutes with
the Frobenius (z,y) — (2%,y?) if and only if ¢ = 1 (mod 4), showing why f = 2 is necessary to
make this argument when p = —1 (mod 4); but in view of ([4], eq. (6.28)) does not explain why the

value is a root of the zeta function, because the limit is not the specialization of a uniform limit.

We conclude with an application to the study of the Apéry numbers. In ([15], Corollary 4.2
(iii)) we proved that
1
2

b

1
B2p = (—1)(‘7)_1)/2332 ( 712 ; —1) ) (4.8)

where f3; , is the reciprocal of the p-adic unit root of the polynomial P, ,(T) = 1—(4a*—2p)T+p*T?,
whenever p = a® 4 2b% with a,b € Z; this polynomial is the p-th Hecke polynomial associated to a
certain cusp form of weight 3 and level 8. The proof was obtained from formal-group congruences

associated to the Apéry sequence

d(n) = no (Z)B =31 (_”’ 1_7; " —1> (4.9)

which were discovered by Stienstra and Beukers [11], and which exhibit 3, , as the reciprocal of
the p-adic unit root of the zeta function of a certain K3-surface. Here we express 33, in terms of

Jacobi sums over F, and over F,2 using a classical hypergeometric identity and Theorem 3.1.

The value of the hypergeometric function in (4.8) may be obtained by applying the well-known

formula

20, a+ 3,208 ) ( a, )2
F ;) =9 F ;T 4.10
3 2(a+ﬂ+%,2a+2ﬁ o441 (4.10)

of Clausen ([1], p. 185) with a = § = i. When p = 1 (mod 8) we have il = i, and so f =1

suffices, while if p = 3 (mod 8) we have il = % and %I = i, so we take f = 2 in that case. Since
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!

% = % in either case, we have

When p=1 (mod 8) this yields

while for p =3 (mod 8) we get
By = (f T LA

where ¢ = 41.

19

(4.11)

(4.12)

(4.13)

The value in (4.12) is readily seen to be consistent with the result of Berndt and Evans ([2],

Corollary 3.13). In like fashion, the value ¢ = —1 in (4.13) may be determined by comparison with

([3], Theorem 4.6).

One may also determine a Jacobi sum formula for the p-adic integer 5 , appearing in ([15],

Corollary 4.2 (iv)) indirectly via (4.10) and the theory of elliptic curves. However, this question

appears to remain open for the p-adic integer o, in ([15], Corollary 4.2 (v)).

REFERENCES

1. H. BATEMAN, “Higher Transcendental Functions”, A. Erdélyi ed., vol. 1, McGraw-Hill, New

York, 1953.

2. B. BERNDT AND R. Evans, Sums of Gauss, Jacobi, and Jacobsthal, J. Number Theory, 11

(1979), 349-398.

3. B. BERNDT AND R. Evans, Sums of Gauss, Eisenstein, Jacobi, Jacobsthal and Brewer, Illinois

J. Math., 23 (1979), 374-437.
4. B. DWORK, p-adic cycles, Publ. Math. IHES, 37 (1969), 27-115.

5. B. DwoRrk, On p-adic differential equations IV, Ann. Sci. FEcole Normale Sup., 6 (1973),

295-315.

6. B. Gross AND N. KoBLITZ, Gauss sums and the p-adic I' - function, Ann. Math., 109 (1979),

569-581.



JACOBI SUMS 20

7. N. KosriTz, The hypergeometric function with p-adic parameters, Proc. Queens Number

Theory Conference, (1979), 319-328.

8. P. LANDWEBER, Supersingular elliptic curves and congruences for Legendre polynomials, in
“Elliptic Curves and Modular Forms in Algebraic Topology”, pp. 69-93, Lecture Notes in
Math., Vol. 1326, Springer-Verlag, New York, 1988.

9. P. MoNsKY, “p-adic Analysis and Zeta Functions”, Kyoto University Lectures in Mathematics,
Kinokuniya Bookstore, Tokyo, 1970.

10. L. J. SLATER, “Generalized Hypergeometric Functions”, Cambridge Univ. Press, 1966.

11. J. STIENSTRA AND F. BEUKERS, On the Picard-Fuchs equation and the formal Brauer group
of certain elliptic K3-surfaces, Math. Annalen, 271 (1985), 269-304.

12. J. STIENSTRA, Formal groups and congruences for L-functions, Amer. J. Math., 109 (1987),
1111-1127.

13. L. WASHINGTON, “Introduction to Cyclotomic Fields”, Springer-Verlag, New York, 1982.

14. A. WEIL, Numbers of solutions of equations in finite fields, Bull. Amer. Math. Soc., 55 (1949),
497-508.

15. P. T. YouNG, Apéry numbers, Jacobi sums, and special values of generalized p-adic hyperge-

ometric functions, .J. Number Theory, 41 (1992), 231-255.



