Math 495 Handout: February 5 2008

Alex Kasman
Department of Mathematics
College of Charleston

Lax Operators

® Last time, someone claimed | had “lost” them. Let me try the whole thing again, but in a

backwards sort of way to see if | can make it clearer.

Recall the concept of eigenvectors: If a matrix L and a vector v satisfy Lv = Av
for some number A, we say that v is an eigenvector for L with eigenvalue \. And
N X M matrix can have at most 1 eigenvalues and they are the roots of the polynomial
p(A) = det(L — AI). This set of eigenvalues is called the “spectrum” of the matrix.

For example, for the matrix and vectors

c=(01) w=0) »=0)

Cvi=vi; Cvy =4vy.
So, (' has eigenvalues A = 1 and A = 4.

A Nice Fact from Linear Algebra: 1t L and (G are matrices (with (G invertible), then

the matrix M = G'LG ! is said to be similar to L. The sense in which it is similar is that
it has exactly the same eigenvalues...and that we can even make eigenvectors for M/ from
known eigenvectors of L.

you can check that

Theorem: Suppose Lv = Av. Thenw = GV is an eigenvector for M = G'LG ! with
eigenvalue \.

Proof:

Mw=GLG ' (Gv) = GLG'Gv
=GLv=GM = \Gv = \w.

e Non Isospectrality: Aswe saw last time, a matrix that depends on a variable ¢ may have
different eigenvalues for different values of t. (Equivalently, we could say that the eigenvalues
also depend on t). This is actually the usual situation. If you randomly pick a t-dependent

matrix, you'll probably get one whose eigenvalues are functions of the variable.
> For example, let’s introduce the matrix

Its eigenvalues are A = el + Vet —1.



e Cheating?: Well, as Julian pointed out last time, there is a simple way to make isospectral
matrices. It is so easy, it seems like cheating! We can just take any constant matrix C' and a

time dependent matrix G = G/(t) and let L = GCG ™! (a*dressed” version of C)). Then,
according to the theorem above, L always has the same eigenvalues as C'. Moreover, we
know we can make eigenvectors for L by “dressing” the eigenvectors of C'.

> Continuing with our earlier examples, we can multiply it out to find that

_ 1 _ [ 4—2et — 32 —3et + 2e% 4 33
L=GCG _< —2 — 3¢t 1+ 2e + 3e? ’

As predicted, this always has eigenvalues A = 1 and A\ = 4 no matter what ¢ is. In fact,
we can say more specifically that

wi = Gvy = <61t> wy = Gvy = (_3 +22—|cite_’|; 36%)

are eigenvectors with these eigenvalues!

e But, | would like to relate this to Lax Equations. In the case of matrices, | can do this with a
theorem as well:

Theorem: If G = G(t) is a time dependent matrix, C' is a constant matrix and
L = GCG™1is a*dressed” matrix, then
L=[M,1I]

where M = GG,
Proof:

L= %(GCG*) = GOG + GC%G—1
= GGG G -GG\ GG = ML — LM = [M, L]

® Among the things | used in there were (a) the product rule for matrices, (b) the fact that C =

0, (c) that | can introduce a factor of GG~ anywhere and (d) that %G_l = -GGG
(This last fact | got wrong in my notes from last time...left off the minus...and it can be easily
derived from the product rule).

» Itis rather instructive to check that this is true in this example. We can easily compute that

_6275 et (1 o €2t) + 2€3t

et 2

M=GG ! =



and then verify that indeed [M, L] = M L — L M is exactly the same as

—2¢" (14 3¢') e’ (=3 + 4e’ + 9¢*)

L=
— 3¢ 2¢' (14 3e')

Back to KdV: Let u(x,t) be any function of 2 and ¢.

3 3
L=0*+u(x,t) ad M=0+ iu@ + 7l

In 1969, Peter Lax showed that the equation

L=[M,L]

is exactly uy = %uum + iumx. In other words, if © is a solution to the KdV equation then

L satisfies this operator equation in the same form as we saw above. (In fact, we rederived
this fact at the beginning of class last time. There is nothing difficult in computing it, because
you just multiply it out and everything works. But, to have thought to even look for this was a
brilliant move by Lax!)

So, it becomes reasonable to ask “Well, what does this tell us about .? Does it mean that
the eigenvalues of L are constant? Does it tell us that L is just a constant operator “dressed
up” with some time dependent one in the obvious way?”

For KdV, the answer is yes...but | must be vague about what form it actually takes:

> The ring of differential operators fits into a larger ring where there are multiplicative
inverses (just as the integers fit into the rational numbers). Within these
pseudo-differential operators, we can say that if u(sz:, t) is a solution to KdV, then there is

a time dependent pseudo-differential operator G sothat Go 0?0 G~ = 9*+u(x, t).
(You just have to “dress up” the trivial solution © = 0!)
> If u(m, t) is a solution of the KdV equation then for any positive number \ there is a two

dimensional space of real valued eigenfunctions ¢ (x, t) satisfying L) = A1.

But, more importantly, this gives us a way to generalize what we’ve seen in the KdV equation
to other equations. The “Lax Equation” is a cornerstone of soliton theory. Every equation
we would want to call a “soliton equation” (a nonlinear equation we can solve explicitly with
solutions that look like localized interacting disturbances) has a Lax form. Moreover, we can
almost say the converse (“if it has a Lax form then it is a soliton equation”)....but | would need
to be able to refer to a few analytic details that are beyond the scope of this course. So, let’s
just say that having a Lax form would make an equation a good candiate for the approaches
of soliton theory.

In particular, it is true that there is a soliton equation of the form L = [M, L] with operators

M of every odd order and L = 0% + u. The Kdv equation is the one where the order
of M is 3. For homework you will find the equation coming from order 5. These equations
obviously fit together into a structure...they are not just random equations found here and
there but part of a hierarchy. (We call them “The KdV Hierarchy”.) That soliton equations
fit together into hierarchies is another hallmark of soliton theory. Of course, there are other
hierarchies, that come from looking at different sorts of operators!



Update on homework from last time:

I am not assigning any new homework, but | will provide a hint to help you answer one of the
guestions from last time:

4. Let L = 0% + u(x) as before and let
M = 0 + a(x)0® + B(2)0* + v(2)d + §(x)

be a monic fifth order differential operator (with no o term).
(@) Compute [M, L]. Big Hint:

MoL=0"+ (ax) + u(x))0” + (B(x) + 5u'(x)) 0*
+ a(z)u(x) + 100" (x)) 0°

and

LoM=0"+ (ax) +u(x))0” + (B(x) + 2d/(x)) 0*
a(z)u(z) + 26 (x) + o (2)) &’
Bla)u(z) + 29 (x) + 5"(x)) &

(b) Find what (') must be so that the O% term in the commutator vanishes.

(c) Assuming  is chosen as above, find what () must be so that the 9 term in the
commutator vanishes.

(d) Assuming & and ﬁ are chosen as above, find what ’y(x) must be so that the 02 term
in the commutator vanishes.

(e) Now, assuming all of the choices already specified, you might want to find (5($) o)
that the O term vanishes...but you can't quite do that since there are some functions
appearing there that you don’t know how to anti-differentiate. Instead, just tell me what
¢’ () must be so that the O term vanishes.

(f) Finally, tell me what [M, L] is if all of the coefficients in M are chosen as specified
above. (It should turn out to be just some expression in 1 and its  derivatives.
(g) Write

Uy = | your answer to the previous question

Congratulations, you've just discovered a soliton equation. This is an equation like the
KdV equation having multi-soliton solutions that we can write exactly...but they behave
a little differently. Should we name it after you?



