Math 323 Solutions

FEB. 22 ASSIGNMENT

p.149 #12: Let y = v(t)y; = tv(t) be a second solution, linearly independent of y; = t. Then
y =tv' + v,y =t + 20'. Substituting these into the differential equation gives

(1—)(t" + 20') — 2t*' = 0.

Let w = dv/dt; then
ldw =2 2t

wdt I
giving Inw = —2In|t| — In |1 — #*| + C and

where C” # 0. Integrating again gives

-1 1 144
= dt=0C"| — + 21
v /w C’(t—|—2n1_tD+02
Using y = tv(t) gives the general solution
t 1+1
y:cl(—1+§ln 1—t‘)+62t

#20: Using the result from problem 18, t" is a solution to t?y” —ty' +y =0if r(r —1) —r+1 =0,
so (r—1)>=0and r = 1. So, y;(t) =t is one solution. Using reduction of order to find a second
solution, let y = tv(t), giving

2t +20) — 2 =2 (" + ') =0
in the differential equation. Letting w = dv/dt, we have dw/w = —t~'dt and w = t~! up to
multiple. Then v =1Int and y = tInt gives a second solution. Thus, the general solution is

y = cit + cot Int.

p.156 #4: A fundamental solution set for the homogeneous equation y” — 3y’ + 2y = 0 is given
by y1 = €' and yo = €*, with W{yy,ya] = €*. For y, = uiy1 + ugys, then the right-hand side
g(t) = te’ + 1 gives

g9(t) 2 -3 2 -
Uy = —yp—t— = —eX(t + 7)) = —te* — e,
' Wiy, 2] ( )
t)
uy =y 9l) _ t+e ) =te' +e .
2 Wiy, o] ( )
Integrating gives u; = —3te? + 1e* + ™', uy = te' — ' — 27, and a particular solution

1
2
Yp = et(_%temt + %1€2t —i—eit) +€2t<tet et %€f2t)

1 1, 3t 1,3t
b} + §t€ + 16 .
The general solution is then

1 14,3t 1.3t t 2t
y=35+3le” + 3" + e+ cae”.
1



#6: Solutions of the homogeneous equation y” + 4y + 4y = 0 are y; = e % and y, = te™ !, with

Wiyt y2) = nivh — yoyi = e 4. If we let y, = uyys + u2y» be a solution of the nonhomogeneous
equation, then

VO —te () g
! W[yh yQ] e~ 4
and
g i) SR,
2 Wiy, gl e~ 4t
Thus, we can use u; = —%tg/ 2 and us = %t” 2. Then the general solution is
y(t) = (e — %tg/z)e%t + (%t7/2 +ep)te ™ = (¢ + cot)e 2 + %tgﬂe’%
with

y'(t) = (c2 — 2¢1 — 2tep)e ! + 272672 — %tg/Qe_zt

The initial conditions give ¢; = 0 and ¢; — 2¢; = 0, so the solution is simply y = ¢t~

p.164 #1: For 3y’ 4+ 3y = t3 — 1, try a particular solution of the form
y, = At> + Bt* + Ct + D.
Then y, = 3At? + 2Bt + C and y, = 6At +2B. Substituting into the differential equation gives
6At + 2B + 3(At* + Bt* + Ct + D) = t* — 1.

This implies 3A =1, 3B =0, 64+ 3C =0 and 2B + 3D = —1. The solution is A = 1/3, B = 0,
C = —-2/3 and D = —1/3. The particular solution is

yp = 2(t% =2t — 1).

#5: For y" + 2y +y = e !, the solutions of the homogeneous equation are linear combinations of
e~ and te~t. Therefore, we will use the judicious guess
y, = At’e™",
giving y, = A(2t — t?)e~t and y, = A(2 -4t + t?)e~t. Substituting into the differential equation
gives
A2 =4t + 12 +2(2t — ) +tHe =7,
implying that A = 1/2. (Note that the total coefficients of ¢ and t* on the left are zero.) The

particular solution is

1
Yp = §t2€_t.

#6: For y" + 5y’ + 4y = t%e™, the solutions of the homogenous equation are linear combinations of
e~t and e~*. Therefore, we may go ahead and use
Yy, = (At* + Bt + C)e™,
giving
y, = (TAt* + (7B + 2A)t + 7C + B)e™,
Yy = (49At° + (49B 4 28A)t + 49C + 14B + 2A)e"".



Substituting these into the differential equation gives
(49A¢* + (49B+28A)t +49C +14B+2A+5(TA* + (TB+2A)t+7C+ B) +4(At* + Bt+C))e™ = t*e™.

This implies the equations 88A = 1, 88B + 384 = 0 and 83C + 198 + 2A = 0. The solution of
these equations is A = 1/88, B = —38/(88)% = —19/3872 and C = 546/(88) = 273/340736. The
particular solution is then

19 y 273 )e”

= = -
Y (88 3872 T 340736

#11: For y’+y' —6y = sint+te*, the solutions of the homogeneous equation are linear combinations
of e73! and e?*. Therefore, we will use a particular solution of the form

y, = Acost + Bsint + (Ct* + Dt)e.

(If the last term had been (Ct + D)e*, this would overlap with solutions of the homogenous
equation.) Then

y,, = —Asint + Bcost + (2Ct* + (2D + 20)t + D)e*,
Yy = —Acost — Bsint + (4Ct* + (4D + 8C)t + 4D + 2C)e*.
Substituting these into the differential equation gives
(~A+ B —6A)cost+ (=B — A—6B)sint + (10Ct + 2C + 5D)e* = sint + te.

This implies B—7TA =0, —A—7B =1, 10C =1 and 2C' + 5D = 0. The solutions are A = —1/50,
B = —-7/50,C'=1/10 and D = —1/25. Then the particular solution is
1

—1 1
Yp = E(cost + 7sint) + (1—0152 — %t)e%.

#13: For y' — 3y’ + 2y = e’ + €%, both the terms on the right-hand side are solutions of the
corresponding homogeneous equation. We therefore guess a particular solution of the form

y, = Ate' + Bte.

Then y, = A(t + 1)e' + B(2t 4 1)e* and y) = A(t 4 2)e' + B(4t + 6)e*. Substituting these in the
differential equation gives

(A(t+2) — 3A(t + 1) + 2At)e' + (B(4t +6) — 3B(2t + 1) + 2Bt) = —Ae' + 3Be* = e’ + &*.
Thus, A= —1 and B = 1/3, and a particular solution is

1
y, = —te' + gte%.

p.172 #1: We compute k = mg/l =1 x 9.8 x 320/49 = 64, and w = y/k/m = 8. The initial value
problem for the position is

y'+64y =0,  y(0)=.25  3(0)=0,

with solution y = .25c0s(8t). The amplitude is .25, the period is 27/8 = 7/4 and the frequency
w=38.



