Math 323 Solutions

FEB. 8 ASSIGNMENT

136 #2: Let Lly] = y" — 6y’ + 5y. Then

b) L[e?] = 4e?t — 12e% + 52t = —3e?

d) L[e™] = r2e™ — 6re™ + e = (r? — 6r + 5)e"t
f) L[t?] =2 — 12t + 5t2
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#5: (a) Let Lly| = 2t>y" + 3ty’ — y. Then
LIVt = 2t2(1/2)(—=1/2)t3/2 4 3t(1/2)t V2 — 12 = (=1/2)t"/% 4 (3/2)t1/? — }/2 = 0,
and L[1/t] = 262(—1)(=2)t 2 +3t(-1)t* -t 1 =4 -3-1)t" ' =0.
(b) Wiy, yo] = W[tV2 t71] = ¢1/2(=1)t72 — t71(1/2)t"'/? = —3/2t73/2. As t approaches zero, this
Wronskian approaches —oo.
(c) Because Wlyi, y2] is nonzero on the interval (0, 00), then {y1,y2} is a fundamental solution set

on this interval. (This follows from the Corollary to Theorem 4, on p.136.)
(d) The general solution on (0, c0) is

y = Vi + co(1/1).

The initial values y(1) = 2, ¥/(1) = 1 imply ¢; + c3 = 2, (1/2)c; — ¢; = 1. These have solution
c1 =2, ¢, =0, and so y(t) = 2V/*.

#8: The value of Wiy, y2] at t =01is 3 x (1/3) —1 x 1 = 0. Using Theorem 4, we conclude that
y1 and 7o are linearly dependent on the whole interval (—oo, 00).

#13: Putting Bessel’s equation in standard form gives

1?2 —n?

Y+ =0
t 2 ’

so that p(t) = 1/t. The differential equation satisfied by the Wronskian of two solutions is thus

1
W' p(OW = W'+ W =0.

Then [ — / — and W(t) = Ct™! for some constant ¢. Using the values given, we know
that W (1 ) = (1 yg(l)yl(l) =1, so that W (t) =t~ 1.

p.140 #2: The characteristic equation is 6r*> — 7r + 1 = 0, which has roots » = 1 and r = 1/6.
Thus, the general solution is

Y = clet + 02€t/6.

#5: The characteristic equation is 72> — 3r — 4 = 0 which has roots r = 4 and r = —1. Thus, the
general solution is y = c;e* +cye™! with ¥ = 4cie* —coe™t. The initial values imply that ¢; +cp = 1
and 4c; — co = 0. These have solution ¢; = 1/5, ¢o = 4/5, so

y(t) = (e* +4e7")/5

solves the initial value problem.



#6: The characteristic equation is 2r? +r — 10 = 0, which has roots »r = 4 and r = —5. Thus,
the general solution is y = cje* + coe ™ with ¢/ = 4cie? — 5ege . The initial values imply that
cret 4+ cpe™® =5 and 4ciet — Sege™® = 2. Thus, cre = 3 and coe™® = 2, and

y = 364(15—1) + 26_5(t_1).

#10: Substituting y = ¢" into the differential equation ty” + aty’ + By = 0 gives
(r(r—1)+ar+ p)t" =0.
Thus, y = ¢" is a solution if and only if r* + (a — 1)r + Br = 0.

#12: Comparing with Exercise 10, the differential equation
2y —ty —2y=0

has a = —1 and 8 = —2. Thus, y = t" is a solution if and only if 72 — 2r — 2 = 0. The roots of this
equation are r = —1 =+ V3. The general solution is

Yy = 01751+\/3 + CQtl_\/g,
with
Y = (1+V3)ertY? + (1= V3)ept ™2,
The initial value y(1) = 0 implies that ¢; + ¢y = 0, s0 ¢ = —¢;. Then 1 = ¢/(1) = 2/3¢;. Thus,
t1+\/§ _ tl—\/g
p.144 #3: For 3" + 2y’ + 3y = 0, the characteristic equation is 7% 4+ 2r + 3 = 0, which has roots
r = —1 + /2. The general solution is thus
y = cre tcos(V2t) + coetsin(V/21).

#6: The characteristic equation is r? + 2r + 5 = 0, which has roots r = —1 4 2i. The general
solution is

y = e "(c1cos(2t) + cysin(2t))
with
y = e " ((2c2 — ¢1) cos(2t) + (—2¢; — ¢3) sin(2t)) .
The initial values imply that ¢; = 0 and 2¢, — ¢; = 2, so ¢ = 1 and the solution is

y = e 'sin(2t).

#10:

W [e® cos i, e sin ft] — e°* cos Bt " sin

e (acos ft — Bsin ft) e (asin St + [ cos (t)
= €™ cos (t(asin Bt + [ cos Bt) — e** sin Bt(a cos Bt — [Fsin Bt)
= Be?*(cos® Bt + sin® Bt) = pe



p.149 #2: The characteristic equation is 472 — 12r +9 = 0, which has repeated root r = 3/2. Thus,
the general solution of the differential equation is

Yy = €3t/2(01 + Cgt).

#6: The characteristic equation is 72 4+ 2r + 1 = 0, which has repeated root r = —1. The general
solution is

y=e"'(c1 + cat)
with

Y =e ey — ¢ — cot).
The initial values y(2) = 1, ¥/(2) = —1 imply that

c1+ 2¢cy = 62, —¢] — oy = —€2.

This means that ¢, = 0 and ¢; = e?. Thus, y = €2



