Math 323 Solutions

FEB. 1 ASSIGNMENT
p.80 #1: yo(t) = 0, and

t
yl(t)—/ 2sds = 12,

o

t
Yy2(t) = / 25(1+ s%)ds = ¢ + 1%,
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ys(t)z/ 2s(1+ &% + 3s%) ds = * + Lt* + 45,
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In fact, for any k, yx(t) — yp_1(t) = o To prove this by induction, suppose it holds for k = n,
and note that
t
Yot / 5, 0(5)) = F(5.v0a(5)) ds = [ 25(0(5) = pua(5)) s
0
Substituting the induction hypothesis in the right-hand side gives
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Then

#2: yo(t) =1, and

¢ t
yl(t>=1+/0 82+yo(8)2d8=1+/0 s+ 1ds=1+t+ it

t t
yz(t)=1+/0 82+y1(8)2ds:1+/0 2+ (1+ s+ 3s%)2ds
t
:1+/U§s6+§s4+§s3+232+23+1ds:%t7+f—5t5+%t4+§t3+t2+t+1

#4: Let R be the rectangle 0 <t <1, |y| <b. Then
mgx\f(t,y)\ = max ly? + cos(t?)] < 1+b* = M.

The width of the interval of existence guaranteed by the Picard theorem (Theorem 2 on p.76) is

Y 1 + b2)

We want to choose b so that b/(1 + b*) is no smaller than 1/2. In fact, the maximum value of
b/(1 + b*) occurs at b = 1, where it equals 1/2. So, using b = 1 will give us @ = 1/2, and then
Theorem 2 gives existence of a solution on the interval 0 < ¢ < 1/2.

b
a = min(1, M) = min(1

#14: Let R be the rectangle 0 <t < a, —b <y < b for some positive a,b. Then

ma | £(t, )] = max e~ In(1+37)] < 1+ In(1+ 1) = M,
1



and the width of the interval of existence is

(o, )
a =min(a, ———=<).
"14 In(1+0?)
Note that ;
lim ————— =
b T+ In(l+02) o
This means that, for any number a, we can find a large enough b so that —————— > a.

1+ In(1 + b?)
Therefore, we can always pick b so that @ = a, for any a we want. So, the solution will exist on

0<t<o0.

#16: (a) maxg [t? + y?| = a® + b?, so the interval of existence in Picard’s theorem has width
b

o = min(a, m)

b
(b) For fixed a, praT] has limit zero as b tends to zero or to co. Its maximum will therefore occur
a
at a critical point, obtained by
o b a® — b

=darr T @ e
The critical point is at b = a, where b/(a* + b*) = 1/(2a) (note parentheses!).
(c) Thus, the largest o we can get for a fixed a is @ = min(a, 1/(2a)). Note that Braun has
a misprint in this formula for ! We want to maximize this o. The graphs of f(a) = a and
g(a) = 1/(2a) cross where 2a> = 1, or a = 1/4/2. To the left of this point, f(a) = a is lower, and
to the right of this point g(a) = 1/(2a) is lower. Therefore, a = 1/v/2 gives the largest a.
(d) Using @ = 1//2 and b = a gives a = 1/v/2, and we conclude that the solution exists for

0<t<1/v2

#18: (Take a = 2/3 in this problem.) The trivial solution to 3’ = ty*/?, y(0) = 0 is the identically
zero function y(¢t) = 0. But this is a separable equation, and

1

yields 3y!/? = %2 and y = (1/216)t5, which is a non-trivial solution to the same IVP.

The reason that this doesn’t contradict Theorem 2’ on page 77 is that the theorem cannot be
applied. The theorem requires that we find a rectangle around the origin where f(t,y) = ty?/? is
continuous and df/dy is continuous. However 0f/dy = %ty‘l/ 3 fails to exist at points on the ¢ axis
near the origin, so will not be continuous on any such rectangle.

p.105 #2: For this differential equation, f(¢,y) =t — y*. Formula (6) on p.102 gives the estimate
D
B, < i(efﬂ —1)h,

for the size of the error at the kth step. We will obtain L and D as the maximum size of |0f/dy|
and |0f /0t + fOf /0Oy respectively on the rectangle R defined by 0 <t <1, —1 <y < 1. (On this
rectangle, M = max |f| =1, so @ = min(1,1/M) =1.) We have

. ~J A, _3_43
9 v’ 6t+f8y (t—y°)(—4y”),



sowe'lluse L =4 and D =1+4 =5, giving
D
— (™ —1) = 33.5.
5T (e )~ 33.5
Thus, Fy < 33.5h.
#4: For this differential equation, f(¢,y) = €' — y*. Formula (6) on p.102 gives the estimate
D
E, < i(e”‘L —1)h,
for the size of the error at the kth step. We will obtain L and D on the same rectangle R as before,
0<t<1, —1<y<1. (Onthisrectangle, M = max|f| =e, so @« = min(1,1/M) = 1/e.) We have

of of  LOf _ o i o
SR St — %) (=2
9y v 5 +f6y e + (¢ —y7)(—2y),
so we'll use L = 2 and D = 3e. Then we get
D

al
— — 1) ~ 2.216.
2L(6 ) 6
Thus, Fy < 2.216h. So, if we want Ej, < .0001, then it suffices to make A < .00004512.



