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Abstract. We construct certain boson type realizations of affine sl(n + 1, C) that depend on a

parameter 0 ≤ r ≤ n such that when r = 0 we get a Fock space realization appearing in [Cox04]

and when r = n they are the Wakimoto modules described in the work of Feigin and Frenkel
[FF88].

1. Introduction

Wakimoto modules for affine Lie algebras were introduced by B. Feigin and E. Frenkel in [FF88]
by a homological characterization. These modules admit a remarkable boson realization on a Fock
space [Wak86] (for ŝl(2)), [FF90b] (for ŝl(n)) which plays an important role in the conformal field
theory providing a new bosonization rule for the Wess-Zumino-Witten models. Wakimoto modules
have a geometric interpretation as certain sheaves on a semi-infinite flag manifold [FF90a]. They
belong to the category O and generically are isomorphic to corresponding Verma modules.

Affine Lie algebras admit Verma type modules associated with non-standard Borel subalgebras,
see [Cox94], [FS93] and [JK85]. Modules associated with the natural Borel subalgebra were first
introduced by H. Jakobsen and V. Kac in [JK85]. They were studied in [Fut94] under the name of
imaginary Verma modules.

A Fock space realization of the imaginary Verma modules for ŝl(2) were constructed by D. Bernard
and G. Felder in [BF90] and then extended in [Cox04] to the case of ŝl(n). These realizations are
given generically by certain Wakimoto type modules.

The main motivation for our work was a problem of finding suitable boson type realizations for
all Verma type modules over ŝl(n + 1). In Theorem 3.1 we construct such realizations, intermediate
Wakimoto modules, for a series of generic Verma type modules depending on the parameter 0 ≤ r ≤
n. If r = n this construction coincides with the boson realization of Wakimoto modules in [FF88].
On the other hand when r = 0 the obtained representation gives a Fock space realization described
in [Cox04]. One difficulty that arises in the study of Verma type modules that are not induced
from a standard Borel subalgebra is that certain of their weight spaces are infinite dimensional. On
the other hand the structure of representations that have infinite dimensional weight spaces is an
important problem that appears naturally in other contexts. Besides appearing in the repesentation
theory of infinite dimensional Heisenberg Lie algebras such representations also arise in the work
of [CP87] and [CM01]. Intermediate Wakimoto modules are another family of representations with
certain weight spaces being infinite dimensional. We plan to discuss their detailed structure in a
subsequent paper using the construction given in this paper. See the concluding remarks for the
potential usefulness of our result.

We would like to thank the referees for making useful suggestions that were helpful in the expo-
sition of this paper.
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2. Preliminaries

Fix a positive integer n, 0 ≤ r ≤ n, γ ∈ C∗. Set k = γ2 − (r + 1). Let g = sl(n + 1, C)
and let Eij , i, j = 1, . . . , n + 1 be the standard basis for gl(n + 1, C). Set Hi := Eii − Ei+1,i+1,
Ei := Ei,i+1, Fi := Ei+1,i which is a basis for sl(n + 1, C). Furthermore we denote the Killing form
by (X|Y ) = tr (XY ) and Xm = tm ⊗ X for X, Y ∈ g and m ∈ Z. Let {α1, . . . , αn} be a base for
∆+, the positive set of roots for g, such that Hi = α̌i and let ∆r be the root system with base
{α1, . . . , αr} (∆r = ∅, if r = 0) of the Lie subalgebra gr = sl(r + 1, C). A Cartan subalgebra H
(respectively Hr) of g (respectively gr) is spanned by Hi, i = 1, . . . , n (respectively i = 1, . . . , r) and
set H0 = 0.

For any Lie algebra a, let L(a) = a
⊗

C[t, t−1] be the loop algebra of a. Then ĝ = ŝl(n + 1, C) =
L(g) ⊕ Cc ⊕ Cd and ĝr = L(gr) ⊕ Cc ⊕ Cd are the associated affine Kac-Moody algebras with
Ĥ = H⊕ Cc⊕ Cd and Ĥr = Hr ⊕ Cc⊕ Cd respectively.

The algebra ĝ has generators Eim, Fim,Him, i = 1, . . . , n, m ∈ Z, and central element c with the
product

[Xm, Yn] = tm+n[X, Y ] + δm+n,0m(X|Y )c.

2.1. Oscillator algebras. Let â be the infinite dimensional Heisenberg algebra with generators
aij,m, a∗ij,m, and 1, 1 ≤ i ≤ j ≤ n and m ∈ Z, subject to the relations

[aij,m, akl,n] = [a∗ij,m, a∗kl,n] = 0,

[aij,m, a∗kl,n] = δikδjlδm+n,01,

[aij,m,1] = [a∗ij,m,1] = 0.

Such an algebra has a representation ρ̃ : â → gl(C[x]) where

C[x] := C[xij,m|i, j, m ∈ Z, 1 ≤ i ≤ j ≤ n]

denotes the algebra over C generated by the indeterminates xij,m and ρ̃ is defined by

ρ̃(aij,m) : =

{
∂/∂xij,m if m ≥ 0, and j ≤ r

xij,m otherwise,

ρ̃(a∗ij,m) : =

{
xij,−m if m ≤ 0, and j ≤ r

−∂/∂xij,−m otherwise.

and ρ̃(1) = 1. In this case C[x] is an â-module generated by 1 =: |0〉, where

aij,m|0〉 = 0, m ≥ 0 and j ≤ r, a∗ij,m|0〉 = 0, m > 0 or j > r.

Let âr denote the subalgebra generated by aij,m and a∗ij,m and 1, where 1 ≤ i ≤ j ≤ r and m ∈ Z.
If r = 0, we set âr = 0.

Let An = ((αi|αj)) be the Cartan matrix for sl(n + 1, C) and let B be the matrix whose entries
are

Bij := (αi|αj)(γ2 − δi>rδj>r(r + 1) +
r

2
δi,r+1δj,r+1)

where

δi>r =

{
1 if i > r,

0 otherwise.

In other words

B := γ2An − (r + 1)
(

0 0
0 An−r

)
+ rEr+1,r+1.
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We also have the Heisenberg Lie algebra b̂ with generators bim, 1 ≤ i ≤ n, m ∈ Z, 1, and relations
[bim, bjp] = m Bijδm+p,01 and [bim,1] = 0.

For each 1 ≤ i ≤ n fix λi ∈ C and let λ = (λ1, . . . , λn). Then the algebra b̂ has a representation
ρλ : b̂ → End(C[y]λ) where

C[y] := C[yi,m|i, m ∈ N∗, 1 ≤ i ≤ n]

and ρλ is defined on C[y] defined by

ρλ(bi0) = λi, ρλ(bi,−m) = ei · ym, ρλ(bim) = mei ·
∂

∂ym
for m > 0

and ρλ(1) = 1. Here

ym = (y1m, · · · , ynm),
∂

∂ym
=
(

∂

∂y1m
, · · · ,

∂

∂ynm

)
and ei are vectors in Cn such that ei · ej = Bij where · means the usual dot product.

Note that since Bij is symmetric, it is orthogonally diagonalizable, (i.e. there exists an orthogonal
matrix P such that P tBP is a diagonal matrix) and hence we can find vectors ei in Cn such that
ei · ej = Bij . In fact for m > 0 and n < 0 we get

[bim, bjn] = [mei ·
∂

∂ym
, ej · y−n]

= m
∑
k,l

[eik
∂

∂ykm
, ejlyl,−n]

= mδm+n,0

∑
k

eikejk = mδm+n,0Bij .

(See also [FF90b].)

2.2. Formal Distributions. We need some more notation that will simplify some of the arguments
later. This notation follows roughly [Kac98] and [MN99]: A formal distribution is an expression of
the form

a(z, w, . . . ) =
∑

m,n,···∈Z
am,n,...z

mwn

where the am,n,... lie in some fixed vector space V and z, w, . . . are formal variables. We define
∂a(z) = ∂za(z) =

∑
n nanzn−1. We also have expansion about zero: there are two canonical

embeddings of vector spaces ιz,w : C(z − w) → C[[z, w]] and ιw,z : C(z − w) → C[[z, w]] where
ιz,w(a(z, w)) is formal Laurent series expansion in z−1 and −ιw,z(a(z, w)) is formal Laurent series
expansion in z. The formal delta function δ(z − w) is the formal distribution

δ(z − w) = z−1
∑
n∈Z

( z

w

)n

= ιz,w

(
1

z − w

)
− ιw,z

(
1

z − w

)
.

For any sequence of elements {am}m∈Z in the ring End(V ), V a vector space, the formal distribution

a(z) : =
∑
m∈Z

amz−m−1

is called a field, if for any v ∈ V , amv = 0 for m � 0. If a(z) is a field, then we set

a(z)− : =
∑
m≥0

amz−m−1, and a(z)+ :=
∑
m<0

amz−m−1.
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In particular

δ(z − w)− = ιz,w

(
1

z − w

)
, δ(z − w)+ = −ιw,z

(
1

z − w

)
.

Note that

−∂zδ(z − w) = ∂wδ(z − w) = ιz,w

(
1

(z − w)2

)
− ιw,z

(
1

(z − w)2

)
.

The normal ordered product of two distributions a(z) and b(w) (and their coefficients) is defined
by

(2.1)
∑
m∈Z

∑
n∈Z

: ambn : z−m−1w−n−1 =: a(z)b(w) := a(z)+b(w) + b(w)a(z)−.

For any 1 ≤ i ≤ j ≤ n, we define

a∗ij(z) =
∑
n∈Z

a∗ij,nz−n, aij(z) =
∑
n∈Z

aij,nz−n−1

and
bi(z) =

∑
n∈Z

binz−n−1.

In this case

[bi(z), bj(w)] = Bij∂wδ(z − w),

[aij(z), a∗kl(w)] = δikδjl1δ(z − w).

Observe that aij(z) for j > r is not a field whereas a∗ij(z) is always a field. We will call aij(z)
(resp. a∗ij(z)) a pure creation (resp. annihilation) operator if j > r. Set

aij(z)+ = aij(z), aij(z)− = 0

a∗ij(z)+ = 0, a∗ij(z)− = a∗ij(z),

if j > r.
Now we should point out that while : a1(z1) · · · am(zm) : is always defined as a formal series, we

will only define : a(z)b(z) ::= limw→z : a(z)b(w) : for certain pairs (a(z), b(w)). For example

: aij(z)a∗kl(z) :=
∑
m∈Z

(∑
n∈Z

: aij,na∗kl,m−n :

)
z−m−1

is well defined as an element in End(C[x] ⊗ C[y])[[z, z−1]] for all l > r (as ρ̃(a∗kl,m) := −∂/∂xkl,−m

for l > r ) or if both l ≤ r and j ≤ r (see also the remarks after Theorem 3.1).
Then one defines recursively

: a1(z1) · · · ak(zk) :=: a1(z1)
(
: a2(z2)

(
: · · · : ak−1(zk−1)ak(zk) :

)
· · · :

)
:,

while normal ordered product

: a1(z) · · · ak(z) := lim
z1,z2,··· ,zk→z

: a1(z1)
(
: a2(z2)

(
: · · · : ak−1(zk−1)ak(zk) :

)
· · ·
)

:

will only be defined for certain k-tuples (a1, . . . , ak).
Let

(2.2) babc = a(z)b(w)− : a(z)b(w) := [a(z)−, b(w)],
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(half of [a(z), b(w)]) denote the contraction of any two formal distributions a(z) and b(w) where
a(z), b(z) are free fields or pure creation or annihilation operators. For example if j, l ≤ r, then

baija
∗
klc =

∑
m≥0

δikδjlz
−m−1wm = δi,kδj,lδ−(z − w) = δikδjl ιz,w

(
1

z − w

)
(2.3)

ba∗klaijc = −
∑
n<0

δikδjlz
nw−n−1 = −δikδjlδ+(w − z) = δikδjl ιz,w

(
1

w − z

)
.(2.4)

If l > r, then

baija
∗
klc = [aij(z)−, a∗kl(w)] = 0(2.5)

ba∗klaijc = [a∗kl(z)−, aij(w)] = −δikδjlδ(w − z).(2.6)

Theorem 2.1 (Wick’s Theorem, [BS83], [Hua98] or [Kac98] ). Let ai(z) and bj(z) be formal distri-
butions with coefficients in the associative algebra End(C[x]⊗ C[y]), satisfying

(1) [bai(z)bj(w)c, ck(x)±] = [baibjc, ck(x)±] = 0, for all i, j, k and ck(x) = ak(z) or ck(x) =
bk(w).

(2) [ai(z)±, bj(w)±] = 0 for all i and j.
(3) The products

bai1bj1c · · · baisbisc : a1(z) · · · aM (z)b1(w) · · · bN (w) :(i1,...,is;j1,...,js)

have coefficients in End(C[x]⊗C[y]) for all subsets {i1, . . . , is} ⊂ {1, . . . ,M}, {j1, . . . , js} ⊂
{1, · · ·N}. Here the subscript (i1, . . . , is; j1, . . . , js) means that those factors ai(z), bj(w) with
indices i ∈ {i1, . . . , is}, j ∈ {j1, . . . , js} are to be omitted from the product : a1 · · · aMb1 · · · bN :
and when s = 0 we do not omit any factors.

Then

:a1(z) · · · aM (z) :: b1(w) · · · bN (w) :=
min(M,N)∑

s=0

∑
i1<···<is, j1 6=···6=js

bai1bj1c · · · baisbisc : a1(z) · · · aM (z)b1(w) · · · bN (w) :(i1,...,is;j1,...,js) .

Proof. Although it is essentially the same proof as in [Hua98] or [Kac98], we will repeat the argument
here for the convenience of the reader.

To simplify notation we will write ai = ai(zi) and bj = bj(wj) below, hoping that it will not cause
confusion. Moreover we define bakbkc = 0 when k > min{M,N}.
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The conclusion is true for M = N = 1 as follows from the definition of the contraction, (2.2).
Suppose now N > 1 and M = 1. Then by hypotheses 1 and 2, and induction

a : b1 · · · bN := ab1
+ : b2 · · · bN : +a : b2 · · · bN : b1

−

= a+b1
+ : b2 · · · bN : +bab1c : b2 · · · bN : +b1

+a− : b2 · · · bN : +a : b2 · · · bN : b1
−

= a+b1
+ : b2 · · · bN : +bab1c : b2 · · · bN : +

N∑
j=2

babjcb1
+ : b2 · · · b̂j · · · bN : +b1

+ : b2 · · · bN : a−

+ a+ : b2 · · · bN : b1
− +

N∑
j=1

babjc : b2 · · · b̂j · · · bN : b1
−+ : b2 · · · b̂j · · · bN : b1

−a1
−

= a+ : b1 · · · bN : +bab1c : b2 · · · bN : +
N∑

j=2

babjc : b1 · · · b̂j · · · bN : + : b1 · · · bN : a−

+ : b1 · · · b̂j · · · bN : a1
−

=: ab1 · · · bN : +
N∑

j=1

babjc : b1 · · · b̂j · · · bN : .

The hat above a factor means omit that factor. Note that at each step we are combining summations
where all of the coefficents in each summand are in End(C[x]⊗ C[y]) when z1, . . . , zM get replaced
by z.

A similar argument proves the result for M > 1 and N = 1.
Now let us assume that M and N are greater than 1. Then using the hypothesis 1, 2 and induction

we get ∑
s≥0

∑
1≤i1<···<is,

j1 6=···6=js

bai1bj1c · · · baisbisc : a1 · · · aMb1 · · · bN :(i1,...,is;j1,...,js)

= a1
+

∑
s≥0

∑
2≤i1<···<is

j1 6=···6=js

bai1bj1c · · · baisbisc : a2 · · · aMb1 · · · bN :(i1,...,is;j1,...,js)

+
∑
s≥0

∑
2≤i1<···<is

j1 6=···6=js

bai1bj1c · · · baisbisc : a2 · · · aMb1 · · · bN :(i1,...,is;j1,...,js) a1
−

+
N∑

j=1

ba1bjc : a2 · · · aM :: b1 · · · b̂j · · · bN :

= a1
+

∑
s≥0

∑
2≤i1<···<is

j1 6=···6=js

bai1bj1c · · · baisbisc : a2 · · · aMb1 · · · bN :(i1,...,is;j1,...,js)

+ : a2 · · · aM :: a1
−b1 · · · bN : +

N∑
j=1

ba1bjc : a2 · · · aM :: b1 · · · b̂j · · · bN :

= a1
+

∑
s≥0

∑
2≤i1<···<is

j1 6=···6=js

bai1bj1c · · · baisbisc : a2 · · · aMb1 · · · bN :(i1,...,is;j1,...,js)

+ : a2 · · · aM : a1
− : b1 · · · bN :

=: a1 · · · aM :: b1 · · · bN : .
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Since every step involves combining sums that are (by induction assumed to be) well defined when
z1, . . . , zM and w1, . . . wN are replaced by z and w respectively, so is the resulting product. This
completes the proof of the theorem. �

We will also need the following two results.

Theorem 2.2 (Taylor’s Theorem, [Kac98], 2.4.3). Let a(z) be a formal distribution. Then in the
region |z − w| < |w|,

(2.7) a(z) =
∞∑

j=0

∂(j)
w a(w)(z − w)j .

Theorem 2.3 ([Kac98], Theorem 2.3.2). Let a(z) and b(z) be formal distributions with coefficients
in the associative algebra End(C[x]⊗ C[y]). The following are equivalent

(i) [a(z), b(w)] =
N−1∑
j=0

∂(j)
w δ(z − w)cj(w), where cj(w) ∈ End(C[x]⊗ C[y])[[w,w−1]].

(ii) babc =
N−1∑
j=0

ιz,w

(
1

(z − w)j+1

)
cj(w).

In other words the singular part of the operator product expansion

babc =
N−1∑
j=0

ιz,w

(
1

(z − w)j+1

)
cj(w)

completely determines the bracket of mutually local formal distributions a(z) and b(w). One writes

a(z)b(w) ∼
N−1∑
j=0

cj(w)
(z − w)j+1

.

For example

bi(z)bj(w) ∼ δij

(z − w)2
.

2.3. Verma type modules. For a Lie algebra a we denote by U(a) the universal enveloping algebra
of a.

Let gα be a root subspace of g corresponding to a root α, n± = ⊕α∈∆+g±α and g = n− ⊕H⊕ n+

a Cartan decomposition of g. Denote also n±r = n± ∩ gr, n+(r) = n+ \ n+
r ,

B̄r = L(n+(r))⊕ (n+
r ⊗ C[t])⊕ ((n−r )⊕ H)⊗ C[t]t).

Then Br = B̄r ⊕ Ĥ is a Borel subalgebra of ĝ for any 0 ≤ r ≤ n.
Fix λ̃ ∈ Ĥ∗ and consider a ĝ-module

Mr(λ̃) = U(ĝ)⊗U(Br) Cvλ̃

where B̄rvλ̃ = 0 and hvλ̃ = λ̃(h)vλ̃ for all h ∈ Ĥ.
Module Mr(λ̃) is a particular case of Verma type modules studied in [Cox94] and [FS93]. When

r = n it gives a usual Verma module construction. If r = 0 we get an imaginary Verma modules.
Let λ̃r = λ̃|Ĥr

. Verma type module Mr(λ̃) contains a ĝr-submodule M(λ̃r) = U(ĝr)(1⊗vλ̃) which
is isomorphic to a usual Verma module for ĝr.



8 BEN L. COX AND VYACHESLAV FUTORNY

Theorem 2.4 ([Cox94], [FS93]). Let λ̃(c) 6= 0. Then the submodule structure of Mr(λ̃) is completely
determined by the submodule structure of M(λ̃r). In particular, Mr(λ̃) is irreducible if M(λ̃r) is
irreducible.

3. Intermediate Wakimoto modules

Define

Ei(z) =
∑
n∈Z

Einz−n−1, Fi(z) =
∑
n∈Z

Finz−n−1, Hi(z) =
∑
n∈Z

Hinz−n−1, 1 ≤ i ≤ n.

The defining relations between the generators of ĝ can be written as follows

[Hi(z),Hj(w)] = (αi|αj)c∂wδ(w − z)(R1)

[Hi(z), Ej(w)] = (αi|αj)Ej(z)δ(w − z)(R2)

[Hi(z), Fj(w)] = −(αi|αj)Fj(z)δ(w − z)(R3)

[Ei(z), Fj(w)] = δi,j(Hi(z)δ(w − z) + c∂wδ(w − z))(R4)

[Fi(z), Fj(w)] = [Ei(z), Ej(w)] = 0 if (αi|αj) 6= −1(R5)

[Fi(z1), Fi(z2), Fj(w)] = [Ei(z1), Ei(z2), Ej(w)] = 0 if (αi|αj) = −1(R6)

where [X, Y, Z] := [X, [Y,Z]] is the Engel bracket for any three operators X, Y, Z.
Recall that C[x] is an â-module with respect to the representation ρ̃ and C[y] is a b̂-module with

respect to ρλ. The main result of the paper is the following theorem where we define a representation

ρ : ĝ → gl(C[x]⊗ C[y]).

We use the notation ρ(Xm) := ρ(X)m, for X ∈ g.

Theorem 3.1. Let λ ∈ H∗ and set λi = λ(Hi). The generating functions

ρ(Fi)(z) = aii +
n∑

j=i+1

aija
∗
i+1,j ,

ρ(Hi)(z) = 2 : aiia
∗
ii : +

i−1∑
j=1

(
: ajia

∗
ji : − : aj,i−1a

∗
j,i−1 :

)
+

n∑
j=i+1

(
: aija

∗
ij : − : ai+1,ja

∗
i+1,j :

)
+ bi,

ρ(Ei)(z) =: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
: +

n∑
k=i+1

ai+1,ka∗ik −
i−1∑
k=1

ak,i−1a
∗
ki

− a∗iibi −
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
∂a∗ii,

ρ(c) = γ2 − (r + 1)

define an action of the generators Eim, Fim, Him, i = 1, . . . , n, m ∈ Z and c, on the Fock space
C[x]⊗ C[y]. In the above aij, a∗ij and bi denotes aij(z), a∗ij(z) and bi(z) respectively.
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Remark 3.2. One can see that the normal ordered products : aij(z)a∗ij(z) : are all well defined and
thus so is ρ(Hi)(z). Moreover a careful analysis of the other formal distributions show that they too
have coffecients in End(C[x]⊗ C[y]). For example

n∑
k=i+1

ai+1,ka∗ik

has summand ai+1,ka∗ik that is certainly well defined if k ≤ r and for k > r we have ρ̃(a∗ik,m) :=
−∂/∂xik,−m for all m ∈ Z. Moreover the summation

i−1∑
k=1

ak,i−1a
∗
ki

is well defined also for i ≤ r and for i > r we have ρ̃(a∗ki,m) := −∂/∂xki,−m.

Proof. The rather tedious proof is obtained by a routine application of Wick’s Theorem, Taylor’s
Theorem and Theorem 2.3 above. We have left the details in the appendix. �

Theorem 3.1 defines a boson type realization of ŝl(n + 1, C) and a module structure on the Fock
space C[x] ⊗ C[y] that depends on the parameter 0 ≤ r ≤ n. We will call such a module, an
intermediate Wakimoto module and denote it by Wn,r(λ, γ). The intermediate Wakimoto modules
Wn,r(λ, γ) have the property that the subalgebra B̄r annihilates the vector 1 ⊗ 1 ∈ C[x] ⊗ C[y],
h(1⊗ 1) = λ(h)(1⊗ 1) for all h ∈ H and c(1⊗ 1) = (γ2− (r +1))(1⊗ 1). Consider the ĝr-submodule
W = U(ĝr)(1 ⊗ 1) ' Wr,r(λ, γ) of Wn,r(λ, γ). Then W is isomorphic to the Wakimoto module
Wλ(r),γ̃ ([FF90b]) where λ(r) = λ|Hr

, γ̃ = γ2 − (r + 1).
Consider λ̃ ∈ Ĥ∗ such that λ̃|H = λ, λ̃(c) = γ2 − (r + 1), a Verma type module Mr(λ̃) and its

ĝr-submodule M(λ̃r). Suppose that M(λ̃r) is irreducible. In this case the Wakimoto module Wλ(r),γ̃

is isomorphic to M(λ̃r). Let W̃ = U(ĝ)Wλ(r),γ̃ and assume that λ(c) 6= 0. Then by Theorem 2.4 the
module Mr(λ̃) is irreducible and therefore isomorphic to W̃ . Hence Theorem 3.1 provides a boson
type realization for generic Verma type modules.
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5. Field computations

Set

Hi(z) : = 2 : aiia
∗
ii : +

i−1∑
j=1

(
: ajia

∗
ji : − : aj,i−1a

∗
j,i−1 :

)
+

n∑
j=i+1

(
: aija

∗
ij : − : ai+1,ja

∗
i+1,j :

)
.

In the above aij , and a∗ij denotes aij(z), a∗ij(z) respectively.
For any α ∈ ∆+ we can find unique 1 ≤ k ≤ l ≤ n such that

α = αk + · · ·+ αl.
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Set aα := akl and a∗α := a∗kl. Observe that

(αi|α) =
l∑

j=k

(αi|αj) = (2δikδil + δk<i (δil − δi−1,l) + δl>i (δik − δi+1,k)) .

Moreover we have

baαa∗βc =

{
δα,β ιz,w

(
1

z−w

)
if α, β ∈ ∆+

r ,

0 otherwise
(5.1)

ba∗αaβc =

{
−δα,β ιz,w

(
1

z−w

)
if α, β ∈ ∆+

r ,

−δα,β δ(w − z) otherwise
(5.2)

Since this is the case we can rewrite

Hi(z) : =
∑

α∈∆+

(αi|α) : aαa∗α : .

As an example of a computation using fields we have the following

Lemma 5.1. For 1 ≤ i ≤ j ≤ n, α, β ∈ ∆+,

[Hi(z), aα(w)] = −(αi|α)aα(z)δ (z − w) ,

[Hi(z), a∗α(w)] = (αi|α)a∗α(z)δ(z − w),

[Hi(z), ∂wa∗α(w)] = (αi|α)a∗α(z)∂w(z − w),

[Hi(z),Hj(w)] = −(αi|αj)
(
(1− δi>rδj>r)(r + 1) +

r

2
δi,r+1δj,r+1

)
∂wδ(z − w),

[Hi(z), : aα(w)a∗β(w)a∗γ(w) :] = (αi|β + γ − α) : aα(w)a∗β(w)a∗γ(w) : δ(z − w)

− δα∈∆+
r
(αi|α)

(
δα,βa∗γ(w) + δα,γa∗β(w)

)
∂wδ(z − w),

[Hαi
(z), : aα(w)aβ(w)a∗γ(w) :] = (αi|γ − α− β) : aα(w)aβ(w)a∗γ(w) : δ(z − w)

− δγ∈∆+
r
(αi|γ) (δγ,βaγ(w) + δα,γaβ(w)) ∂wδ(z − w).

Proof. Now by (5.1) and (5.2) and by Wick’s Theorem∑
j

: aij(z)a∗ij(z) : akl(w) ∼ δikakl(z)ba∗ijaklc

and if α = αk + · · ·+ αl, then

Hi(z)akl(w) =
(
2 : aiia

∗
ii : +

i−1∑
j=1

(
: ajia

∗
ji : − : aj,i−1a

∗
j,i−1 :

)
+

n∑
j=i+1

(
: aija

∗
ij : − : ai+1,ja

∗
i+1,j :

) )
akl(w)

∼ −δ1≤l≤r (2δikδil + δk<i (δil − δi−1,l) + δl>i (δik − δi+1,k)) akl(z)ιz,w

(
1

z − w

)
− δr<l (2δikδil + δk<i (δil − δi−1,l) + δl>i (δik − δi+1,k)) akl(z)δ(z − w)

∼ δ1≤l≤r(αi|α)akl(z)ιz,w

(
1

w − z

)
− δr<l(αi|α)akl(z)δ(z − w).
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On the other hand

akl(w)Hi(z) ∼ δ1≤l≤r(αi|α)akl(w)ιw,z

(
1

z − w

)
.

Combining the above operator product expansions we get the first identity. A similar computation
yeilds the second identity. The third identity comes from differentiating the second with respect to
w.

On the other hand by Wick’s Theorem

: aν(z)a∗µ(z) :: aα(w)a∗β(w) :

=: aα(w)a∗β(w)aν(z)a∗µ(z) : +baαa∗µc : aν(z)a∗β(w) :

+ ba∗βaνc : aα(w)a∗µ(z) : +baαa∗µcba∗βaνc.
Thus

Hαi
(z)Hαj

(w) =
∑

α,β∈∆+

(αi|α)(αj |β) : aα(z)a∗α(z) :: aβ(w)a∗β(w) :

=
∑

α,β∈∆+

(αi|α)(αj |β) : aα(z)aβ(w)a∗α(z)a∗β(w) :

+
∑

β∈∆+

(αi|β)(αj |β) : aβ(w)a∗β(z)ba∗βaβc

+
∑

α∈∆+

(αi|α)(αj |α) : aα(z)a∗α(w) : baαa∗αc

+
∑

α∈∆+
r

(αi|α)(αj |α)baαa∗αcba∗αaαc,

which can be rewritten as

[Hαi
(z),Hαj

(w)] =
∑

α∈∆+
r

(αi|α)(αj |α)
(

ιw,z
1

(w − z)2
− ιz,w

1
(z − w)2

)
= −(αi|αj)

(
(1− δi>rδj>r)(r + 1) +

r

2
δi,r+1δj,r+1

)
∂wδ(z − w).

This follows from the calculation below for root system of sl(r + 1): If j ≤ r, then∑
α∈∆+

r

(αj |α)α = (r + 1)αj

and ∑
α∈∆+

r

(αr+1|α)2 = r.

Again by (5.1), (5.2) and Wick’s Theorem

: aν(z)a∗ν(z) :: aα(w)a∗β(w)a∗γ(w) :

=: aν(z)a∗ν(z)aα(w)a∗β(w)a∗γ(w) :

+ ba∗νaαc : aν(z)a∗β(w)a∗γ(w) :

+ baνa∗βc : aα(w)a∗ν(z)a∗γ(w) :

+ baνa∗γc : aα(w)a∗β(w)a∗ν(z) :

+
(
ba∗νaαcbaνa∗βca∗γ(w) + ba∗νaαcbaνa∗γca∗β(w)

)
.
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Hence the last identity follows from

Hαi
(z) : aα(w)a∗β(w)a∗γ(w) :=

∑
ν∈∆+

(αi|ν) : aν(z)a∗ν(z) :: aα(w)a∗β(w)a∗γ(w) :

∼
∑

ν∈∆+

(αi|ν)

((
ba∗νaαc : aν(z)a∗β(w)a∗γ(w) :

+ baνa∗βc : aα(w)a∗ν(z)a∗γ(w) : +baνa∗γc : aα(w)a∗β(z)a∗ν(z)
)

:

+
(
ba∗νaαcbaνa∗βca∗γ(w) + ba∗νaαcbaνa∗γca∗β(w)

)
∼
(
(αi|α)ba∗αaαc : aα(z)a∗β(w)a∗γ(w) : +(αi|β)baβa∗βc : aα(w)a∗β(z)a∗γ(w) :

+ (αi|γ)baγa∗γc : aα(z)a∗β(z)a∗µ(w)
)

:

+ (αi|α)
(
δα,βa∗γ(w) + δα,γa∗β(w)

)
ba∗αaαcbaαa∗αc.

�

Lemma 5.2.

[aij(z), a∗kl(w)] = δikδjlδ(z − w)

[aij(z)a∗ij(z), aij(w)a∗ij(w)] = δ1≤i,j≤r∂wδ(z − w)

[aij(z), ∂wa∗kl(w)] = δikδjl∂wδ(z − w)

∂wa∗ij(w)δ(z − w) = a∗ij(z)∂wδ(z − w)− a∗ij(w)∂wδ(z − w)

The following result collects some other computations involving the free fields that will make
future calculations less tedious.
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Lemma 5.3.

n∑
k=i+1,l=j+1

[
aik(z)a∗i+1,k(z), ajl(w)a∗j+1,l(w)

]
(a)

=
(
δi,j+1

n∑
k=j+2

ajk(z)a∗j+2,k(z)− δj,i+1

n∑
k=i+2

aik(z)a∗i+2,k(z)
)
δ(z − w)

i−1∑
k=1

n∑
l=j+1

[
ak,i−1(z)a∗ki(z), ajl(w)a∗j+1,l(w)

]
= −δj,i−1ai−1,i−1(z)a∗ii(z)δ(z − w)(b)

n∑
l=j+1

[
: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:, ajl(w)a∗j+1,l(w)

]
= 0(c)

[
: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:, ajj(w)

]
(d)

= −
(
δj,i−1ai−1,i−1(z)a∗i,i(z) + 2δi,jaii(z)a∗ii(z)

)
δ(z − w)

[
: a∗ii

( i−1∑
k=1

ak,i−1a
∗
k,i−1

)
:, : a∗jj

(
j−1∑
l=1

al,j−1a
∗
l,j−1

)
:
]

(e)

= δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)

)
: δ(z − w)

− δi,j−1 : a∗jj(w)a∗j−1,j−1(w)

(
j−2∑
l=1

al,j−2(z)a∗l,j−2(z)

)
δ(z − w)

− (i− 1)δ1≤i−1≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w)

[
: a∗ii

( i−1∑
k=1

ak,i−1a
∗
k,i−1

)
:, : a∗jj

(
j∑

l=1

al,ja
∗
l,j

)
:
]

(f)

= δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−1∑
k=1

ak,i−1(w)a∗k,i−1(w)

)
: δ(z − w)

− δij : a∗ii(w)a∗ii(w)

(
i−1∑
l=1

al,i−1(z)a∗l,i−1(z)

)
δ(z − w)

− iδ1≤i−1≤rδj,i−1 : a∗ii(z)a∗i−1,i−1(w) : ∂wδ(z − w)

[
: a∗ii

( i∑
k=1

akia
∗
ki

)
:, : a∗jj

(
j∑

l=1

alja
∗
lj

)
:
]

= −(3 + i)δ1≤i≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w)(g)
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n∑
l=j+1

[
: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:, aj+1,l(w)a∗jl(w)

]
(h)

= −δj,i−1 : a∗i−1,i(w)

(
i−1∑
k=1

ak,i−1(z)a∗k,i−1(z)−
i∑

k=1

aki(z)a∗ki(z) :

)
δ(z − w)

+ δi≤rδj,i−1a
∗
i−1,i(z)∂wδ(z − w)[

: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:,

j−1∑
l=1

al,j−1a
∗
lj

]
(i)

=

(
: a∗ii

(
δi−1,j

i−2∑
l=1

al,i−2a
∗
l,i−1 − 2δij

i−1∑
l=1

al,i−1a
∗
li + δi,j−1

i∑
l=1

al,ia
∗
l,i+1

)
:

− δi,j−1 : a∗i,i+1

(
i−1∑
l=1

al,i−1a
∗
l,i−1 −

i∑
l=1

alia
∗
li

)
:

)
δ(z − w)

[ i−1∑
k=1

ak,i−1a
∗
ki,

j−1∑
l=1

al,j−1a
∗
lj

]
(j)

=

(
δj,i−1

i−2∑
l=1

: al,i−2a
∗
li : −δi,j−1

j−2∑
l=1

: al,j−2a
∗
lj :

)
δ(z − w)

[ n∑
k=i+1

ai+1,k(z)a∗ik(z),
n∑

l=j+1

aj+1,l(w)a∗jl(w)
]

(k)

=

(
δi,j−1

n∑
l=i+2

: ai+2,la
∗
il : −δj,i−1

n∑
l=j+2

: aj+2,ka∗jk :

)
δ(z − w)

[ i−1∑
k=1

ak,i−1a
∗
ki,

n∑
l=j+1

aj+1,la
∗
jl

]
= 0(l)
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Proof. For (e) we have by Wick’s theorem

: a∗ii

( i−1∑
k=1

ak,i−1a
∗
k,i−1

)
:: a∗jj

(
j−1∑
l=1

al,j−1a
∗
l,j−1

)
:

∼ δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)

)
: bai−1,i−1a

∗
jjc

+ δij : a∗ii(z)a∗ii(w)

(
i−1∑
l=1

al,i−1(w)a∗l,i−1(z)

)
bai−1,i−1a

∗
j−1,j−1c

+ δij : a∗ii(z)a∗ii(w)

(
i−1∑
l=1

al,i−1(z)a∗l,i−1(w)

)
ba∗i−1,i−1aj−1,j−1c

+ δi,j−1 : a∗jj(w)a∗j−1,j−1(w)

(
j−2∑
l=1

al,j−2(z)a∗l,j−2(z)

)
ba∗i,iaj−1,j−1c

+ δij : a∗ii(z)a∗ii(w) :

(
i−1∑
l=1

bal,i−1a
∗
l,j−1cba∗l,i−1al,j−1c

)

Hence

[
: a∗ii

( i−1∑
k=1

ak,i−1a
∗
k,i−1

)
:, : a∗jj

(
j−1∑
l=1

al,j−1a
∗
l,j−1

)
:
]

= δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)

)
: δ(z − w)

+ δi,j−1 : a∗jj(w)a∗j−1,j−1(w)

(
j−2∑
l=1

al,j−2(z)a∗l,j−2(z)

)
δ(z − w)

+ (i− 1)δ1≤i−1≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w)
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For (f) we have by Wick’s theorem

: a∗ii

( i−1∑
k=1

ak,i−1a
∗
k,i−1

)
:: a∗jj

(
j∑

l=1

alja
∗
lj

)
:

∼ δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−1∑
k=1

ak,i−1(w)a∗k,i−1(w)

)
: bai−1,i−1a

∗
jjc

+ δj,i−1 : a∗ii(z)a∗i−1,i−1(w)

(
i−1∑
l=1

al,i−1(w)a∗l,i−1(z)

)
bai−1,i−1a

∗
j,ic

+ δij : a∗ii(w)a∗ii(w)

(
i−1∑
l=1

al,i−1(z)a∗l,i−1(z)

)
ba∗i−1,i−1aj−1,j−1c

+ δj,i−1 : a∗ii(z)a∗i−1,i−1(w)

(
i−1∑
l=1

al,i−1(z)a∗l,i−1(w)

)
ba∗jjai−1,i−1c

+ δj,i−1 : a∗ii(z)a∗i−1,i−1(w) : bai−1,i−1a
∗
i−1,i−1cba∗i−1,i−1ai−1,j−1c

+ δj,i−1 : a∗ii(z)a∗i−1,i−1(w) :

(
i−1∑
l=1

bal,i−1a
∗
l,j−1cba∗l,i−1al,j−1c

)
.

Hence

[
: a∗ii

( i−1∑
k=1

ak,i−1a
∗
k,i−1

)
:, : a∗jj

(
j∑

l=1

al,ja
∗
l,j

)
:
]

= δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−1∑
k=1

ak,i−1(w)a∗k,i−1(w)

)
: δ(z − w)

+ δij : a∗ii(w)a∗ii(w)

(
i−1∑
l=1

al,i−1(z)a∗l,i−1(z)

)
δ(z − w)

+ iδ1≤i−1≤rδj,i−1 : a∗ii(z)a∗i−1,i−1(w) : ∂wδ(z − w).
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For (g) we have by Wick’s theorem

: a∗ii

( i∑
k=1

akia
∗
ki

)
:: a∗jj

(
j∑

l=1

alja
∗
lj

)
:

∼ δij : a∗ii(z)2
(

i∑
k=1

aki(w)a∗ki(w)

)
: baiia

∗
jjc

+ δij : a∗ii(z)a∗ii(w)

(
i∑

l=1

ali(w)a∗li(z)

)
baiia

∗
jjc

+ δij : a∗ii(w)a∗ii(w)

(
i∑

l=1

ali(z)a∗li(z)

)
ba∗iiajjc

+ δij : a∗ii(z)a∗ii(w)

(
i∑

l=1

ali(z)a∗li(w)

)
ba∗iiajjc

+ 3δij : a∗ii(z)a∗ii(w) : baiia
∗
jjcba∗iiajjc

+ δij : a∗ii(z)a∗ii(w) :

(
i∑

l=1

balia
∗
ljcba∗lialjc

)
.

Hence [
: a∗ii

( i∑
k=1

akia
∗
ki

)
:, : a∗jj

(
j∑

l=1

alja
∗
lj

)
:
]

= (3 + i)δ1≤i≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w).

Next we have
n∑

l=j+1

[
: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:, aj+1,l(w)a∗jl(w)

]
(h)

= −δj,i−1 : a∗i−1,i(w)

(
i−1∑
k=1

ak,i−1(z)a∗k,i−1(z)−
i∑

k=1

aki(z)a∗ki(z) :

)
δ(z − w)

− δj+1≤i−1 aiiaj+1,i−1(z)a∗j,i−1(z)δ(z − w)

+ δj+1≤i aiiaj+1,i(z)a∗j,i(z)δ(z − w)

+ δj+1≤i−1 aiiaj+1,i−1(z)a∗j,i−1(z)δ(z − w)

− δj+1≤i aiiaj+1,i(z)a∗j,i(z)δ(z − w)

= −δj,i−1 : a∗i−1,i(w)

(
i−1∑
k=1

ak,i−1(z)a∗k,i−1(z)−
i∑

k=1

aki(z)a∗ki(z) :

)
δ(z − w).

�
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6. proof of Theorem 3.1

We can now check the defining relations.

Lemma 6.1 (R1).

[ρ(Hi)(z), ρ(Hj)(w)] = (αi|αj)ρ(c)∂wδ(z − w).

Proof. We use Lemma 5.1 in the following calculations:

[ρ(Hi)(z), ρ(Hj)(w)] = [Hi(z) + bi(z), Hj(z) + bj(z)]

=

(
− (αi|αj)

(
(1− δi>rδj>r)(r + 1) +

r

2
δi,r+1δj,r+1

)
+ (αi|αj)

(
γ2 − δi>rδj>r(r + 1) +

r

2
δi,r+1δj,r+1)

))
∂wδ(z − w)

= (αi|αj)ρ(c)∂wδ(z − w).

�

Lemma 6.2 (R2).

[ρ(Hi)(z), ρ(Ej)(w)] = (αi|, αj)ρ(Ej)(z)δ(z/w).

Proof. We will use Lemma 5.1 repeatedly:
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[Hi(z), ρ(Ej)(w)] = [Hi(z), : a∗jj(
j−1∑
k=1

ak,j−1a
∗
k,j−1 −

j∑
k=1

akja
∗
kj) :

+
n∑

k=j+1

aj+1,ka∗jk −
j−1∑
k=1

ak,j−1a
∗
kj − a∗jjbj −

(
δj>r(r + 1) + δj≤r(j + 1)− γ2

)
∂a∗jj ]

=
j−1∑
k=1

[Hi(z), : a∗jjak,j−1a
∗
k,j−1 :]−

j∑
k=1

[Hi(z), : a∗jjakja
∗
kj :]

+
n∑

k=j+1

[Hi(z), aj+1,ka∗jk]−
j−1∑
k=1

[Hi(z), ak,j−1a
∗
kj ]

− [Hi(z), a∗jj ]bj −
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

)
[Hi(z), ∂wa∗jj(w)]

=
j−1∑
k=1

(
(αi|αj) : a∗jjak,j−1a

∗
k,j−1 : δ(z − w)− δ1≤j−1≤r(αi|αk + · · ·+ αj−1)a∗jj(w)∂wδ(z − w)

)
−

j∑
k=1

(
(αi|αj) : a∗jjakja

∗
kj : δ(z − w)− δ1≤j≤r(αi|αk + · · ·+ αj)(δjka∗kk(w) + a∗jj(w))∂wδ(z − w)

)
+ (αi|αj)

n∑
k=j+1

aj+1,k(z)a∗jk(w)δ(z − w)− (αi|αj)
j−1∑
k=1

ak,j−1(z)a∗kj(w)δ(z − w)

− (αi|αj)a∗jj(z)bj(w)δ(z − w)

− (αi|αj)
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

)
a∗jj(z)∂wδ(z − w)

= (αi|αj)

(
: a∗jj(

j−1∑
k=1

ak,j−1a
∗
k,j−1 −

j∑
k=1

akja
∗
kj) :

+
n∑

k=j+1

aj+1,ka∗jk −
j−1∑
k=1

ak,j−1a
∗
kj − a∗jjbj

)
δ(z − w)

+
j∑

k=1

δ1≤j≤r(αi|αk + · · ·+ αj)(δjka∗kk(w) + a∗jj(w))∂wδ(z − w)

−
j−1∑
k=1

(
δ1≤j−1≤r(αi|αk + · · ·+ αj−1)a∗jj(w)∂wδ(z − w)

)
− (αi|αj)(δj>r(r + 1) + δj≤r(j + 1)− γ2)a∗jj(z)∂wδ(z − w).

The last term of ρ(Hi)(z) gives us

[bi(z), ρ(Ej)(w)] = −Bijajj(w)∂wδ(z − w).

There are three cases to consider:
Case I. j ≤ r: Then
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j∑
k=1

(αi|αk + · · ·+ αj)(δjka∗kk(w) + a∗jj(w))∂wδ(z − w)

−
j−1∑
k=1

(αi|αk + · · ·+ αj−1)a∗jj(w)∂wδ(z − w)

− (αi|αj)
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

)
a∗jj(z)∂wδ(z − w)

− (αi|αj)(γ2 − δi>rδj>r(r + 1) +
r

2
δi,r+1δj,r+1)ajj(w)∂wδ(z − w)

= (j + 1)(αi|αj)a∗jj(w)∂wδ(z − w)

− (αi|αj)(j + 1− γ2)a∗jj(z)∂wδ(z − w)

− (αi|αj)γ2ajj(w)∂wδ(z − w)

= −(αi|αj)(j + 1− γ2)∂wajj(w)δ(z − w)

by Lemma 5.2.
Case II: j = r + 1:

−
r∑

k=1

(
(αi|αk + · · ·+ αr)a∗r+1,r+1(w)∂wδ(z − w)

)
− (αi|αr+1)

(
(r + 1)− γ2

)
a∗r+1,r+1(z)∂wδ(z − w)

− (αi|αr+1)(γ2 − δi>r(r + 1) +
r

2
δi,r+1)ar+1,r+1(w)∂wδ(z − w)

= −(αi|αr+1)
(
(r + 1)− γ2

)
(∂wa∗r+1,r+1(w))δ(z − w)

which follows from

−
r∑

k=1

(αi|αk + · · ·+ αr) + (αi|αr+1)(δi>r(r + 1)− r

2
δi,r+1)

=



−2 if 1 = i = r

0 if 1 ≤ i < r

−(r + 1) if 1 < i = r

2(r + 1) if 1 ≤ i = r + 1
(αi|αr+1)(r + 1) if i > r + 1

= (αi|αr+1)(r + 1)

Cases III: j > r + 1:

− (αi|αj)
(
r + 1− γ2

)
a∗jj(z)∂wδ(z − w)

−Bijajj(w)∂wδ(z − w)

= −(αi|αj)
(
r + 1− γ2

)
a∗jj(z)∂wδ(z − w) + (αi|αj)(γ2 − δi>r(r + 1))ajj(w)∂wδ(z − w)

= −(αi|αj)
(
r + 1− γ2

)
(∂wa∗jj(w))δ(z − w)

by Lemma 5.2 and the fact that (αi|αj) = 0 for i ≤ r < r + 1 < j.
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Putting these computations together we get

[ρ(Hi)(z), ρ(Ej)(w)] = (αi|αj)ρ(Ej)(w)δ(z − w).

�

Lemma 6.3 (R3).

[ρ(Hi)(z), ρ(Fj)(w)] = −(αi|αj)ρ(Fj)(z)δ(z − w).

Proof. The proof follows from Lemma 5.3 :

[ρ(Hi)(z), ρ(Fj)(w)] = [Hi(z), ρ(Fj)(w)]

= [Hi(z), ajj(w) +
n∑

k=j+1

ajk(w)a∗j+1,k(w)]

= −(αi|αj)ajj(w)δ(z − w) +
n∑

k=j+1

[Hi(z), ajk(w)]a∗j+1,k(w) +
n∑

k=j+1

ajk(w)[Hi(z), a∗j+1,k(w)]

=
(
− (αi|αj)ajj(w)−

n∑
k=j+1

(αi|αj + · · ·+ αk)ajk(z)a∗j+1,k(w)

+
n∑

k=j+1

(αi|αj+1 + · · ·+ αl)ajk(w)a∗j+1,k(z)
)
δ(z − w)

= −(αi|αj)ρ(Fj)(z)δ(z − w)

�

Lemma 6.4 (R4).

[ρ(Ei)(z), ρ(Fj)(w)] = δi,j(ρ(Hi)(z))δ(z − w) + ρ(c)∂wδ(z − w))

Proof. First we take i = j. Now for the convenience of the reader we recall that ρ(Ei)(z) is equal to

: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
: +

n∑
k=i+1

ai+1,ka∗ik −
i−1∑
k=1

ak,i−1a
∗
ki

− a∗iibi −
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
∂a∗ii

and thus the first summand of ρ(Fi)(w) = aii +
∑n

l=i+1 aila
∗
i+1,l brackets with ρ(Ei)(z) to give us

(
2 : aii(z)a∗ii(z) : − :

i−1∑
k=1

(
ak,i−1a

∗
k,i−1 − akia

∗
ki

)
: +bi(z)

)
δ(z − w)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
∂zδ(z − w).

The second summation in ρ(Fi)(w) contributes
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n∑
l=i+1

[
ρ(Ei)(z), ail(w)a∗i+1,l(w)] =

n∑
l=i+1

[ n∑
k=i+1

ai+1,k(z)a∗ik(z), ail(w)a∗i+1,l(w)
]

=
n∑

l=i+1

(
ail(z)a∗il(z)− ai+1,l(z)a∗i+1,l(z)

)
δ(z − w)

− δi+1≤r(r − i)∂wδ(z − w).

Adding these two summations up, we arrive at the desired result.
Now consider the case |i− j| ≥ 1. Then ρ(Fj)(w) acts by ajj +

∑n
l=j+1 ajla

∗
j+1,l. First we have

[Ei(z), ajj(w)] =
[

: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
: +

n∑
k=i+1

ai+1,ka∗ik −
i−1∑
k=1

ak,i−1a
∗
ki

=
[

: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:, ajj(w)

]
= −δj,i−1ai−1,i−1(z)a∗i,i(z)δ(z − w)

by Lemma 5.1 (d). Next we have

[Ei(z),
n∑

l=j+1

ajl(w)a∗j+1,l(w)] =
[

: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
: +

n∑
k=i+1

ai+1,ka∗ik −
i−1∑
k=1

ak,i−1a
∗
ki

− a∗iibi +
(
γ2 − δi+1≤r(i + 1)

)
∂a∗ii,

n∑
l=j+1

ajl(w)a∗j+1,l(w)
]

=
[

: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
: −

i−1∑
k=1

ak,i−1a
∗
ki,

n∑
l=j+1

ajl(w)a∗j+1,l(w)
]

by Lemma 5.1 (a)

= δj,i−1ai−1,i−1(z)a∗ii(z)δ(z − w)

by Lemma 5.1 (b) and (c).

Adding the last two calculations up finishes the proof of this lemma.
�

We are now left with the Serre relations:

Lemma 6.5 (R5/R6).

[ρ(Fi)(z), ρ(Fj)(w)] = [ρ(Ei)(z), ρ(Ej)(w)] = 0 if (αi|αj) 6= −1

[ρ(Fi)(z1), ρ(Fi)(z2), ρ(Fj)(w)] = [ρ(Ei)(z1), ρ(Ei)(z2), ρ(Ej)(w)] = 0 if (αi|αj) = −1.

Proof. Let us check the relations for ρ(Fi). (The Serre relations were already known to hold true for
the Fi, see [FF90b], but we provide a proof for the convenience of the reader.) A straight forward
calculation shows
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[
aii(z), ajj +

n∑
l=j+1

ajla
∗
j+1,l

]
= δi,j+1aj,j+1(w)δ(z − w).

Moreover

[ n∑
k=i+1

aik(z)a∗i+1,k(z), ajj(w) +
n∑

l=j+1

ajl(w)a∗j+1,l(w)
]

=
(
δi,j+1

n∑
k=j+2

ajk(z)a∗j+2,k(z)− δj,i+1

n∑
k=i+2

aik(z)a∗i+2,k(z)− δj,i+1ai,i+1(z)
)
δ(z − w)

by Lemma 5.3 (a). Thus

[ρ(Fi)(z), ρ(Fj)(w)] = (δi,j+1aj,j+1(w)− δj,i+1ai,i+1(z)) δ(z − w)

+

δi,j+1

n∑
k=j+2

ajk(z)a∗j+2,k(z)− δj,i+1

n∑
k=i+2

aik(z)a∗i+2,k(z)

 δ(z − w).(6.1)

Note the above is zero if |i− j| 6= 1 which is precisely when (αi|αj) 6= −1. As the first index in akl

(resp. a∗kl) in ρ(Fi)(z) is i (resp. i + 1) we also get

[ρ(Fi)(z1), ρ(Fi)(z1), ρ(Fj)(w)] = 0.

This completes the proof of the relations R5 and R6 for ρ(Fi)(z).
Now we break up ρ(Ei)(z) into three summands

ρ(E1
i )(z) :=: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:

ρ(E2
i )(z) :=

n∑
k=i+1

ai+1,ka∗ik −
i−1∑
k=1

ak,i−1a
∗
ki

ρ(E3
i )(z) := −a∗iibi −

(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
∂a∗ii.
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By Lemma 5.3 (e), (f) and (g) we have

[
ρ(E1

i )(z), ρ(E1
j )(w)

]
= δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)

)
: δ(z − w)

− δi,j−1 : a∗jj(w)a∗j−1,j−1(w)

(
j−2∑
l=1

al,j−2(z)a∗l,j−2(z)

)
δ(z − w)

− δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−1∑
k=1

ak,i−1(w)a∗k,i−1(w)

)
: δ(z − w)

+ δi,j−1 : a∗jj(z)a∗j−1,j−1(z)

(
j−1∑
k=1

ak,j−1(w)a∗k,j−1(w)

)
: δ(z − w)

− (i− 1)δ1≤i−1≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w)

+ iδ1≤i−1≤rδj,i−1 : a∗ii(z)a∗i−1,i−1(w) : ∂wδ(z − w)

− jδ1≤j−1≤rδi,j−1 : a∗jj(w)a∗j−1,j−1(z) : ∂zδ(z − w)

− (3 + i)δ1≤i≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w).
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By Lemma 5.3 (h) and (i),[
ρ(E1

i )(z), ρ(E2
j )(w)

]
+
[
ρ(E2

i )(z), ρ(E1
j )(w)

]
= −δj,i−1 : a∗i−1,i(w)

(
i−1∑
k=1

ak,i−1(z)a∗k,i−1(z)−
i∑

k=1

aki(z)a∗ki(z) :

)
δ(z − w)

+ δi,j−1 : a∗j−1,j(z)

(
j−1∑
k=1

ak,j−1(w)a∗k,j−1(w)−
j∑

k=1

akja
∗
kj :

)
δ(z − w)

−

(
: a∗ii

(
δi−1,j

i−2∑
l=1

al,i−2a
∗
l,i−1 + δi,j−1

i∑
l=1

al,ia
∗
l,i+1

)

− δi,j−1a
∗
i,i+1

(
i−1∑
l=1

al,i−1a
∗
l,i−1 −

i∑
l=1

alia
∗
li

)
:

)
δ(z − w)

+

(
: a∗jj

(
δj−1,i

j−2∑
l=1

al,j−2a
∗
l,j−1 + δj,i−1

j∑
l=1

al,ja
∗
l,j+1

)

− δj,i−1a
∗
j,j+1

(
j−1∑
l=1

al,j−1a
∗
l,j−1 −

j∑
l=1

alja
∗
lj

)
:

)
δ(z − w)

+ a∗i−1,i(z)∂wδ(z − w)

= −δj,i−1 : a∗i−1,i

(
i−2∑
k=1

ak,i−2a
∗
k,i−2 −

i∑
k=1

akia
∗
ki :

)
δ(z − w)

+ δi,j−1 : a∗i,i+1

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i+1∑
k=1

ak,i+1a
∗
k,i+1 :

)
δ(z − w)

− : a∗ii

(
δi−1,j

i−2∑
l=1

al,i−2a
∗
l,i−1 + δi,j−1

i∑
l=1

al,ia
∗
l,i+1

)
δ(z − w)

+ : a∗jj

(
δj−1,i

j−2∑
l=1

al,j−2a
∗
l,j−1 + δj,i−1

j∑
l=1

al,ja
∗
l,j+1

)
δ(z − w)

+ δi≤rδj,i−1a
∗
i−1,i(z)∂wδ(z − w)

− δj≤rδi,j−1a
∗
j−1,j(w)∂zδ(z − w).

Similarly[
ρ(E1

i )(z)ρ(E3
j )(w)

]
=
[

: a∗ii

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i∑
k=1

akia
∗
ki

)
:,−a∗jjbj −

(
δj>r(r + 1) + δj≤r(j + 1)− γ2

)
∂a∗jj

]
=
(
−δi−1,ja

∗
iia
∗
i−1,i−1 + δija

∗
iia
∗
ii

)
bjδ(z − w)

+
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

) (
−δi−1,ja

∗
ii(z)a∗i−1,i−1(z) + δija

∗
ii(z)a∗ii(z)

)
∂wδ(z − w)
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so that[
ρ(E1

i )(z)ρ(E3
j )(w)

]
+
[
ρ(E3

i )(z), ρ(E1
j )(w)

]
=
(
−δi−1,ja

∗
iia
∗
i−1,i−1bj + δj−1,ia

∗
jja

∗
j−1,j−1bi

)
δ(z − w)

+
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

) (
−δi−1,ja

∗
ii(z)a∗i−1,i−1(z) + δija

∗
ii(z)a∗ii(z)

)
∂wδ(z − w)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

) (
−δj−1,ia

∗
jj(w)a∗j−1,j−1(w) + δija

∗
jj(w)a∗jj(w)

)
∂zδ(z − w).

By Lemma 5.3 (j), (k) and (l) we have

[
ρ(E2

i )(z), ρ(E2
j )(w)

]
=

(
δj,i−1

i−2∑
l=1

: al,i−2a
∗
li : −δi,j−1

j−2∑
l=1

: al,j−2a
∗
lj :

)
δ(z − w)

+

(
δi,j−1

n∑
l=i+2

: ai+2,la
∗
il : −δj,i−1

n∑
l=j+2

: aj+2,ka∗jk :

)
δ(z − w).

Next we have

[
ρ(E2

i )(z), ρ(E3
j )(w)

]
=
[ n∑

k=i+1

ai+1,ka∗ik −
i−1∑
k=1

ak,i−1a
∗
ki,−a∗jjbj −

(
δj>r(r + 1) + δj≤r(j + 1)− γ2

)
∂a∗jj

]
=
(
−δj,i+1a

∗
i,i+1bi+1 + δj,i−1a

∗
i−1,ibi−1

)
δ(z − w)

−
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

) (
δj,i+1a

∗
i,i+1(z)− δj,i−1a

∗
i−1,i(z)

)
∂wδ(z − w)

so that [
ρ(E2

i )(z), ρ(E3
j )(w)

]
+
[
ρ(E3

i )(z), ρ(E2
j )(w)

]
=
(
−δj,i+1a

∗
i,i+1bi+1 + δj,i−1a

∗
i−1,ibi−1

)
δ(z − w)

−
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

) (
δj,i+1a

∗
i,i+1(z)− δj,i−1a

∗
i−1,i(z)

)
∂wδ(z − w)

−
(
−δi,j+1a

∗
j,j+1bj+1 + δi,j−1a

∗
j−1,jbj−1

)
δ(z − w)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

) (
δi,j+1a

∗
j,j+1(w)− δi,j−1a

∗
j−1,j(w)

)
∂zδ(z − w).

Lastly we have

[
ρ(E3

i )(z), ρ(E3
j )(w)

]
=
[
− a∗iibi −

(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
∂a∗ii,−a∗jjbj −

(
δj>r(r + 1) + δj≤r(j + 1)− γ2

)
∂a∗jj

]
= a∗iia

∗
jj(αi|αj)

(
γ2 − δi>rδj>r(r + 1) +

r

2
δi,r+1δj,r+1)

)
∂wδ(z − w).
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Now we add to obtain[
ρ(Ei)(z), ρ(Ej)(w)

]
= δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)

)
: δ(z − w)

− δi,j−1 : a∗jj(w)a∗j−1,j−1(w)

(
j−2∑
l=1

al,j−2(z)a∗l,j−2(z)

)
δ(z − w)

− δj,i−1 : a∗ii(z)a∗i−1,i−1(z)

(
i−1∑
k=1

ak,i−1(w)a∗k,i−1(w)

)
: δ(z − w)

+ δi,j−1 : a∗jj(z)a∗j−1,j−1(z)

(
j−1∑
k=1

ak,j−1(w)a∗k,j−1(w)

)
: δ(z − w)

− (i− 1)δ1≤i−1≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w)

+ iδ1≤i−1≤rδj,i−1 : a∗ii(z)a∗i−1,i−1(w) : ∂wδ(z − w)

− jδ1≤j−1≤rδi,j−1 : a∗jj(w)a∗j−1,j−1(z) : ∂zδ(z − w)

− (3 + i)δ1≤i≤rδij : a∗ii(z)a∗ii(w) : ∂wδ(z − w)

− δj,i−1 : a∗i−1,i

(
i−2∑
k=1

ak,i−2a
∗
k,i−2 −

i∑
k=1

akia
∗
ki :

)
δ(z − w)

+ δi,j−1 : a∗i,i+1

(
i−1∑
k=1

ak,i−1a
∗
k,i−1 −

i+1∑
k=1

akja
∗
k,i+1 :

)
δ(z − w)

− : a∗ii

(
δi−1,j

i−2∑
l=1

al,i−2a
∗
l,i−1 + δi,j−1

i∑
l=1

al,ia
∗
l,i+1

)
δ(z − w)

+ : a∗jj

(
δj−1,i

j−2∑
l=1

al,j−2a
∗
l,j−1 + δj,i−1

j∑
l=1

al,ja
∗
l,j+1

)
δ(z − w)

+ δj,i−1a
∗
i−1,i(z)∂wδ(z − w)

− δi,j−1a
∗
j−1,j(w)∂zδ(z − w)

+
(
−δi−1,ja

∗
iia
∗
i−1,i−1bj + δj−1,ia

∗
jja

∗
j−1,j−1bi

)
δ(z − w)

+
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

) (
−δi−1,ja

∗
ii(z)a∗i−1,i−1(z) + δija

∗
ii(z)a∗ii(z)

)
∂wδ(z − w)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

) (
−δj−1,ia

∗
jj(w)a∗j−1,j−1(w) + δija

∗
jj(w)a∗jj(w)

)
∂zδ(z − w)

+

(
δj,i−1

i−2∑
l=1

: al,i−2a
∗
li : −δi,j−1

j−2∑
l=1

: al,j−2a
∗
lj :

)
δ(z − w)

+

(
δi,j−1

n∑
l=i+2

: ai+2,la
∗
il : −δj,i−1

n∑
l=j+2

: aj+2,ka∗jk :

)
δ(z − w)

+
(
−δj,i+1a

∗
i,i+1bi+1 + δj,i−1a

∗
i−1,ibi−1

)
δ(z − w)

−
(
δj>r(r + 1) + δj≤r(j + 1)− γ2

) (
δj,i+1a

∗
i,i+1(z)− δj,i−1a

∗
i−1,i(z)

)
∂wδ(z − w)

−
(
−δi,j+1a

∗
j,j+1bj+1 + δi,j−1a

∗
j−1,jbj−1

)
δ(z − w)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

) (
δi,j+1a

∗
j,j+1(w)− δi,j−1a

∗
j−1,j(w)

)
∂zδ(z − w)

+ a∗ii(z)a∗jj(w)(αi|αj)
(
γ2 − δi>rδj>r(r + 1) +

r

2
δi,r+1δj,r+1)

)
∂wδ(z − w).
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When i = j this reduces to

[
ρ(Ei)(z), ρ(Ei)(w)

]
= −(i− 1)δ1≤i−1≤r : a∗ii(z)a∗ii(w) : ∂wδ(z − w)

− (3 + i)δ1≤i≤r : a∗ii(z)a∗ii(w) : ∂wδ(z − w)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(z)a∗ii(z)∂wδ(z − w)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(w)a∗ii(w)∂zδ(z − w)

+ 2a∗ii(z)a∗ii(w)
(
γ2 + (δ1≤i≤r − 1)(r + 1) + δi,r+1

r

2

)
∂wδ(z − w)

= − ((i− 1)δ1≤i−1≤r + (3 + i)δ1≤i≤r − δi,r+1r) : a∗ii(z)a∗ii(w) : ∂wδ(z − w)

+ δi≤r(i + 1) (a∗ii(z)a∗ii(z) + a∗ii(w)a∗ii(w)) ∂zδ(z − w)

+ (r + 1)δi>r

(
a∗ii(z)a∗ii(z) + a∗ii(w)a∗ii(w)− 2a∗ii(z)a∗jj(w)

)
∂wδ(z − w)

+ γ2
(
2a∗ii(z)a∗jj(w)− a∗ii(z)a∗ii(z)− a∗ii(w)a∗ii(w)

)
∂wδ(z − w) = 0.

This proves the result for i 6= j ± 1.
If i = j + 1 then we get

[
ρ(Ei)(z), ρ(Ei−1)(w)

]
=: a∗ii(z)a∗i−1,i−1(z)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)−
i−1∑
k=1

ak,i−1(w)a∗k,i−1(w)

)
: δ(z − w)

− : a∗i−1,i

(
i−2∑
k=1

ak,i−2a
∗
k,i−2 −

i∑
k=1

akia
∗
ki :

)
δ(z − w)

− : a∗ii

(
i−2∑
l=1

al,i−2a
∗
l,i−1

)
δ(z − w)+ : a∗i−1,i−1

(
i−1∑
l=1

al,i−1a
∗
li

)
δ(z − w)

+

(
i−2∑
l=1

: al,i−2a
∗
li :

)
δ(z − w)−

(
n∑

l=i+1

: ai+1,ka∗i−1,k :

)
δ(z − w)

− a∗iia
∗
i−1,i−1bi−1δ(z − w) + a∗i−1,i(bi−1 + bi)δ(z − w)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
∂wa∗i−1,i(w)δ(z − w)

+ a∗ii(z)∂wa∗i−1,i−1(w)
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
δ(z − w).

Thus
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[
ρ(E1

i )(z1), ρ(Ei)(z2), ρ(Ei−1)(w)
]

=: a∗iiai−1,i

(
i−2∑
k=1

ak,i−2a
∗
k,i−2 :

)
δ(z1 − w)δ(z2 − w)

+ : a∗iia
∗
i−1,i

(
i∑

k=1

akia
∗
ki : −

i−1∑
k=1

ak,i−1a
∗
k,i−1

)
δ(z1 − w)δ(z2 − w)

− : a∗iia
∗
i−1,i

(
i∑

k=1

akia
∗
ki :

)
δ(z1 − w)δ(z2 − w)

+ iδ1≤i−1≤r : a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ (i + 2)δ1≤i≤ra
∗
ii(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+ δ1≤i≤ra
∗
ii(z2)a∗i−1,i(z1)δ(z2 − w)∂z2δ(z1 − z2)

− δ1≤i−1≤ra
∗
ii(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

− : a∗ii

i−2∑
l=1

al,i−2a
∗
li : δ(z1 − w)δ(z2 − w)

− : a∗iia
∗
i−1,i : (bi−1 + bi)δ(z1 − z2)δ(z2 − w)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
: a∗ii(z1)a∗i−1,i(z1) : δ(z2 − w)∂wδ(z1 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z1)a∗ii(z1)∂wa∗i−1,i−1(w) : δ(z1 − z2)δ(z2 − w)

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z1) : ∂wδ(z1 − w)δ(z2 − w).

Next we have

[
ρ(E2

i )(z1), ρ(Ei)(z2), ρ(Ei−1)(w)
]

=

(
− : a∗ii(z2)a∗i−1,i(z2)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)

)
:

+ : a∗iia
∗
i−1,i

(
i−1∑
k=1

ak,i−1a
∗
k,i−1

)
: + : a∗i−1,i

i−1∑
k=1

ak,i−1a
∗
ki

+ : a∗ii

(
i−2∑
l=1

al,i−2a
∗
l,i

)
: − : a∗i−1,i

(
i−1∑
l=1

al,i−1a
∗
li

)
+ a∗iia

∗
i−1,ibi−1

)
δ(z1 − z2)δ(z2 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z2)a∗i−1,i(z1) : ∂wδ(z1 − w)δ(z2 − w).
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The third summation contributes[
ρ(E3

i )(z1), ρ(Ei)(z2), ρ(Ei−1)(w)
]

=: a∗i−1,ia
∗
iibiδ(z1 − z2)δ(z2 − w)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(z2)a∗i−1,i(z2)∂z1δ(z1 − z2)δ(z2 − w)

+

(
− a∗ii(z1)a∗i−1,i(z2)

(
γ2 − δi>r(r + 1)− δi,r+1

)
− a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z2)

(
γ2 − δi−1>r(r + 1)

))
δ(z2 − w)∂z2δ(z1 − z2).
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Consequently

[
ρ(Ei)(z1), ρ(Ei)(z2), ρ(Ei−1)(w)

]
=: a∗iiai−1,i

(
i−2∑
k=1

ak,i−2a
∗
k,i−2 :

)
δ(z1 − w)δ(z2 − w)

+ : a∗iia
∗
i−1,i

(
i∑

k=1

akia
∗
ki : −

i−1∑
k=1

ak,i−1a
∗
k,i−1

)
δ(z1 − w)δ(z2 − w)

− : a∗iia
∗
i−1,i

(
i∑

k=1

akia
∗
ki :

)
δ(z1 − w)δ(z2 − w)

+ iδ1≤i−1≤r : a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ (i + 2)δ1≤i≤ra
∗
ii(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+ δ1≤i≤ra
∗
ii(z2)a∗i−1,i(z1)δ(z2 − w)∂z2δ(z1 − z2)

− δ1≤i−1≤ra
∗
ii(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

− : a∗ii

i−2∑
l=1

al,i−2a
∗
li : δ(z1 − w)δ(z2 − w)

− : a∗iia
∗
i−1,i : (bi−1 + bi)δ(z1 − z2)δ(z2 − w)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
: a∗ii(z1)a∗i−1,i(z1) : δ(z2 − w)∂wδ(z1 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z1)a∗ii(z1)∂wa∗i−1,i−1(w) : δ(z1 − z2)δ(z2 − w)

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z1) : ∂wδ(z1 − w)δ(z2 − w)

+

(
− : a∗ii(z2)a∗i−1,i(z2)

(
i−2∑
k=1

ak,i−2(w)a∗k,i−2(w)

)
:

+ : a∗iia
∗
i−1,i

(
i−1∑
k=1

ak,i−1a
∗
k,i−1

)
: + : a∗i−1,i

i−1∑
k=1

ak,i−1a
∗
ki

+ : a∗ii

(
i−2∑
l=1

al,i−2a
∗
l,i

)
: − : a∗i−1,i

(
i−1∑
l=1

al,i−1a
∗
li

)
+ a∗iia

∗
i−1,ibi−1

)
δ(z1 − z2)δ(z2 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z2)a∗i−1,i(z1) : ∂wδ(z1 − w)δ(z2 − w)

+ : a∗i−1,ia
∗
iibiδ(z1 − z2)δ(z2 − w)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(z2)a∗i−1,i(z2)∂z1δ(z1 − z2)δ(z2 − w)

+

(
− a∗ii(z1)a∗i−1,i(z2)

(
γ2 − δi>r(r + 1)− δi,r+1

)
− a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z2)

(
γ2 − δi−1>r(r + 1)

))
δ(z2 − w)∂z2δ(z1 − z2)
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=
(
iδ1≤i−1≤r : a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z2) :

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z1)a∗ii(z1)∂wa∗i−1,i−1(w) :

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z1) :

−
(
γ2 − δi−1>r(r + 1)

)
a∗ii(z1)a∗ii(z2)a∗i−1,i−1(z2)

)
δ(z2 − w)∂wδ(z1 − w)

+ (i + 2)δ1≤i≤ra
∗
ii(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

− δ1≤i−1≤ra
∗
ii(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+ δ1≤i≤ra
∗
ii(z2)a∗i−1,i(z1)δ(z2 − w)∂z2δ(z1 − z2)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
: a∗ii(z1)a∗i−1,i(z1) : δ(z2 − w)∂wδ(z1 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z2)a∗i−1,i(z1) : ∂wδ(z1 − w)δ(z2 − w)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(z2)a∗i−1,i(z2)δ(z2 − w)∂wδ(z1 − w)

− a∗ii(z1)a∗i−1,i(z2)
(
γ2 − δi>r(r + 1)− δi,r+1

)
δ(z2 − w)∂wδ(z1 − w)

=
(
−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
: a∗ii(z1)a∗i−1,i(z1) :

− a∗ii(z1)a∗i−1,i(z2)
(
γ2 − (i + 1)δ1≤i≤r − δi>r(r + 1)

) )
δ(z2 − w)∂wδ(z1 − w)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(z2)a∗i−1,i(z2)δ(z2 − w)∂wδ(z1 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗ii(z2)a∗i−1,i(z1) : ∂wδ(z1 − w)δ(z2 − w)

+ δ1≤i≤ra
∗
ii(z2)a∗i−1,i(z1)δ(z2 − w)∂wδ(z1 − w)

=
(
−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
: a∗ii(z1)a∗i−1,i(z1) :

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(z1)a∗i−1,i(z2)

−
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
a∗ii(z2)a∗i−1,i(z2)

+
(
δi>r(r + 1) + δi≤r(i + 1)− γ2

)
: a∗ii(z2)a∗i−1,i(z1) :

)
δ(z2 − w)∂wδ(z1 − w)

= 0.

Now we turn to the last series of computations:
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[
ρ(E1

i−1)(z1), ρ(Ei)(z2), ρ(Ei−1)(w)
]

= −(i− 2)δi−2≤r : a∗ii(z2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)δ(z2 − w)∂z2δ(z1 − z2)

− (i + 2)δi−1≤r : aii(z2)ai−1,i−1(z1)ai−1,i−1(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ (i− 2)δi−2≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ 2δi−1≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ 2 : a∗i−1,i−1a
∗
ii

(
i−2∑
l=1

al,i−2a
∗
l,i−1

)
δ(z1 − z2)δ(z2 − w)

− : a∗i−1,i−1a
∗
i−1,i

(
i−2∑
k=1

ak,i−2a
∗
k,i−2

)
: δ(z1 − z2)δ(z2 − w)

+ a∗i−1,ia
∗
i−1,i−1

(
i−1∑
k=1

ak,i−1a
∗
k,i−1

)
: δ(z1 − z2)δ(z2 − w)

− : a∗i−1,i−1

( i−2∑
l=1

al,i−2a
∗
li :
)
δ(z1 − z2)δ(z2 − w)

+ : a∗i−1,i−1a
∗
i−1,i−1a

∗
iibi−1δ(z1 − z2)δ(z2 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗i−1,i−1(z1)a∗i−1,i−1(z1)a∗ii(z2) : δ(z2 − w)∂wδ(z1 − w).

Next we have

[
ρ(E2

i−1)(z1), ρ(Ei)(z2), ρ(Ei−1)(w)
]

=: a∗i−1,ia
∗
i−1,i−1

(
i−2∑
k=1

ak,i−2a
∗
k,i−2

)
: δ(z1 − z2)δ(z2 − w)

− 2 : a∗iia
∗
i−1,i−1

( i−2∑
k=1

ak,i−2a
∗
k,i−1 :

)
δ(z1 − z2)δ(z2 − w)

− a∗i−1,ia
∗
i−1,i−1

(
i−1∑
k=1

ak,i−1a
∗
k,i−1

)
: δ(z1 − z2)δ(z2 − w)

+ : a∗i−1,i−1

(
i−2∑
l=1

al,i−2a
∗
li

)
δ(z1 − z2)δ(z2 − w)

− a∗i−1,ia
∗
i−1,i−1bi−1δ(z1 − z2)δ(z2 − w)

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
a∗i−1,i(z1)∂wa∗i−1,i−1(w)δ(z1 − z2)δ(z2 − w).
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The third summation contributes[
ρ(E3

i−1)(z1), ρ(Ei)(z2), ρ(Ei−1)(w)
]

= − : a∗iia
∗
i−1,i−1a

∗
i−1,i−1 : bi−1δ(z1 − z2)δ(z2 − w)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗ii(z2)a∗i−1,i−1(z2)a∗i−1,i−1(z2) : δ(z2 − w)∂z1δ(z1 − z2)

+ : a∗i−1,i−1a
∗
i−1,i : bi−1δ(z1 − z2)δ(z2 − w)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗i−1,i−1(z2)a∗i−1,i(z2) : δ(z2 − w)∂z1δ(z1 − z2)

− (γ2 − (r + 1)δi>r+2 − δi,r+2)a∗i−1,i−1(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+ 2(γ2 − (r + 1)δi>r+1 +
r

2
δi,r+2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)a∗i,i(z2)δ(z2 − w)∂z2δ(z1 − z2).
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Adding these all up we get

[
ρ(Ei−1)(z1), ρ(Ei)(z2), ρ(Ei−1)(w)

]
= −(i− 2)δi−2≤r : a∗ii(z2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)δ(z2 − w)∂z2δ(z1 − z2)

− (i + 2)δi−1≤r : aii(z2)ai−1,i−1(z1)ai−1,i−1(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ (i− 2)δi−2≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ 2δi−1≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ 2 : a∗i−1,i−1a
∗
ii

(
i−2∑
l=1

al,i−2a
∗
l,i−1

)
δ(z1 − z2)δ(z2 − w)

− : a∗i−1,i−1a
∗
i−1,i

(
i−2∑
k=1

ak,i−2a
∗
k,i−2

)
: δ(z1 − z2)δ(z2 − w)

+ a∗i−1,ia
∗
i−1,i−1

(
i−1∑
k=1

ak,i−1a
∗
k,i−1

)
: δ(z1 − z2)δ(z2 − w)

− : a∗i−1,i−1

( i−2∑
l=1

al,i−2a
∗
li :
)
δ(z1 − z2)δ(z2 − w)

+ : a∗i−1,i−1a
∗
i−1,i−1a

∗
iibi−1δ(z1 − z2)δ(z2 − w)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗i−1,i−1(z1)a∗i−1,i−1(z1)a∗ii(z2) : δ(z2 − w)∂wδ(z1 − w)

+ : a∗i−1,ia
∗
i−1,i−1

(
i−2∑
k=1

ak,i−2a
∗
k,i−2

)
: δ(z1 − z2)δ(z2 − w)

− 2 : a∗iia
∗
i−1,i−1

( i−2∑
k=1

ak,i−2a
∗
k,i−1 :

)
δ(z1 − z2)δ(z2 − w)

− a∗i−1,ia
∗
i−1,i−1

(
i−1∑
k=1

ak,i−1a
∗
k,i−1

)
: δ(z1 − z2)δ(z2 − w)

+ : a∗i−1,i−1

(
i−2∑
l=1

al,i−2a
∗
li

)
δ(z1 − z2)δ(z2 − w)

− a∗i−1,ia
∗
i−1,i−1bi−1δ(z1 − z2)δ(z2 − w)

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
a∗i−1,i(z1)∂wa∗i−1,i−1(w)δ(z1 − z2)δ(z2 − w)

− : a∗iia
∗
i−1,i−1a

∗
i−1,i−1 : bi−1δ(z1 − z2)δ(z2 − w)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗ii(z2)a∗i−1,i−1(z2)a∗i−1,i−1(z2) : δ(z2 − w)∂z1δ(z1 − z2)

+ : a∗i−1,i−1a
∗
i−1,i : bi−1δ(z1 − z2)δ(z2 − w)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗i−1,i−1(z2)a∗i−1,i(z2) : δ(z2 − w)∂z1δ(z1 − z2)

− (γ2 − (r + 1)δi>r+2 − δi,r+2)a∗i−1,i−1(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+ 2(γ2 − (r + 1)δi>r+1 +
r

2
δi,r+2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)a∗i,i(z2)δ(z2 − w)∂z2δ(z1 − z2)
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= −(i− 2)δi−2≤r : a∗ii(z2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)δ(z2 − w)∂z2δ(z1 − z2)

− (i + 2)δi−1≤r : aii(z2)ai−1,i−1(z1)ai−1,i−1(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ (i− 2)δi−2≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+ 2δi−1≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗i−1,i−1(z1)a∗i−1,i−1(z1)a∗ii(z2) : δ(z2 − w)∂wδ(z1 − w)

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
a∗i−1,i(z1)∂wa∗i−1,i−1(w)δ(z1 − z2)δ(z2 − w)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗ii(z2)a∗i−1,i−1(z2)a∗i−1,i−1(z2) : δ(z2 − w)∂z1δ(z1 − z2)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗i−1,i−1(z2)a∗i−1,i(z2) : δ(z2 − w)∂z1δ(z1 − z2)

− (γ2 − (r + 1)δi>r+2 − δi,r+2)a∗i−1,i−1(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+ 2(γ2 − (r + 1)δi>r+1 +
r

2
δi,r+2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)a∗i,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

= −(i− 2)δi−2≤r : a∗ii(z2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)δ(z2 − w)∂z2δ(z1 − z2)

− (i + 2)δi−1≤r : aii(z2)ai−1,i−1(z1)ai−1,i−1(z2) : δ(z2 − w)∂z2δ(z1 − z2)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗i−1,i−1(z1)a∗i−1,i−1(z1)a∗ii(z2) : δ(z2 − w)∂wδ(z1 − w)

+ 2(γ2 − (r + 1)δi>r+1 +
r

2
δi,r+2)a∗i−1,i−1(z1)a∗i−1,i−1(z2)a∗i,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗ii(z2)a∗i−1,i−1(z2)a∗i−1,i−1(z2) : δ(z2 − w)∂z1δ(z1 − z2)

+ (i− 2)δi−2≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗i−1,i−1(z2)a∗i−1,i(z2) : δ(z2 − w)∂z1δ(z1 − z2)

+ 2δi−1≤r : a∗i−1,i−1(z1)a∗i−1,i(z2) : δ(z2 − w)∂z2δ(z1 − z2)

− (γ2 − (r + 1)δi>r+2 − δi,r+2)a∗i−1,i−1(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
a∗i−1,i(z1)∂wa∗i−1,i−1(w)δ(z1 − z2)δ(z2 − w)

= −
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
: a∗i−1,i−1(z1)a∗i−1,i−1(z1)a∗ii(z2) : δ(z2 − w)∂wδ(z1 − w)

+ 2(γ2 − (r + 1)δi>r+1 − iδi≤r+1)a∗i−1,i−1(z1)a∗i−1,i−1(z2)a∗i,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗ii(z2)a∗i−1,i−1(z2)a∗i−1,i−1(z2) : δ(z2 − w)∂z1δ(z1 − z2)

+
(
δi−1>r(r + 1) + δi−1≤ri− γ2

)
: a∗i−1,i−1(z2)a∗i−1,i(z2) : δ(z2 − w)∂z1δ(z1 − z2)

−
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
a∗i−1,i−1(z1)a∗i−1,i(z2)δ(z2 − w)∂z2δ(z1 − z2)

+
(
γ2 − δi−1≤ri− δi−1>r(r + 1)

)
a∗i−1,i(z1)∂wa∗i−1,i−1(w)δ(z1 − z2)δ(z2 − w).

= 0

�

7. Concluding Remarks

We gave a realization of the intermediate Wakimoto module for ŝl(n+1, C). We list below related
problems and planned future work:
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(1) We believe that generically Verma type modules and intermediate Wakimoto modules are
isomorphic. Preliminary calculations using (6.1) above give a proof of this for ŝl(n + 1, C)
when r = n− 1. This should be explored further.

(2) Verma type modules have a complicated structure when the center c acts by zero (see for
example [Fut94]). The realization above given in Theorem 3.1 yields information about the
structure of these modules at least in the case of ŝl(2, C). These calculations are inspired by
work done in [FF90b] when c = −ȟ is at the singular hyperplane.

(3) A similar realization must exist for all Verma type modules over ŝl(n+1, C) and other affine
Lie algebras. It would be of interest to us, if one could give a characterization and proof of
the existence of intermediate Wakimoto modules using semi-infinite flag manifolds and their
cohomology (see [FF90a] and [Vor99]).
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