INTERMEDIATE WAKIMOTO MODULES FOR AFFINE si(n+ 1,C)

BEN L. COX AND VYACHESLAV FUTORNY

ABSTRACT. We construct certain boson type realizations of affine sl(n + 1,C) that depend on a
parameter 0 < r < n such that when r = 0 we get a Fock space realization appearing in [Cox04]
and when r = n they are the Wakimoto modules described in the work of Feigin and Frenkel
[FF88].

1. INTRODUCTION

Wakimoto modules for affine Lie algebras were introduced by B. Feigin and E. Frenkel in [FF88]
by a homological characterization. These modules admit a remarkable boson realization on a Fock
space [Waks6] (for sl(2)), [FF90b] (for sl(n)) which plays an important role in the conformal field
theory providing a new bosonization rule for the Wess-Zumino-Witten models. Wakimoto modules
have a geometric interpretation as certain sheaves on a semi-infinite flag manifold [FF90a]. They
belong to the category O and generically are isomorphic to corresponding Verma modules.

Affine Lie algebras admit Verma type modules associated with non-standard Borel subalgebras,
see [Cox94], [FS93] and [JK85]. Modules associated with the natural Borel subalgebra were first
introduced by H. Jakobsen and V. Kac in [JK85]. They were studied in [Fut94] under the name of
imaginary Verma modules.

A Fock space realization of the imaginary Verma modules for s:[(?) were constructed by D. Bernard
and G. Felder in [BF90] and then extended in [Cox04] to the case of sl(n). These realizations are
given generically by certain Wakimoto type modules.

The main motivation for our work was a problem of finding suitable boson type realizations for
all Verma type modules over ﬁA[(n +1). In Theorem 3.1 we construct such realizations, intermediate
Wakimoto modules, for a series of generic Verma type modules depending on the parameter 0 < r <
n. If r = n this construction coincides with the boson realization of Wakimoto modules in [FF88].
On the other hand when r = 0 the obtained representation gives a Fock space realization described
in [Cox04]. One difficulty that arises in the study of Verma type modules that are not induced
from a standard Borel subalgebra is that certain of their weight spaces are infinite dimensional. On
the other hand the structure of representations that have infinite dimensional weight spaces is an
important problem that appears naturally in other contexts. Besides appearing in the repesentation
theory of infinite dimensional Heisenberg Lie algebras such representations also arise in the work
of [CP87] and [CMO1]. Intermediate Wakimoto modules are another family of representations with
certain weight spaces being infinite dimensional. We plan to discuss their detailed structure in a
subsequent paper using the construction given in this paper. See the concluding remarks for the
potential usefulness of our result.

We would like to thank the referees for making useful suggestions that were helpful in the expo-
sition of this paper.
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2. PRELIMINARIES

Fix a positive integer n, 0 < r < n, v € C*. Set k = 42 — (r +1). Let g = sl(n + 1,C)
and let B 4,5 = 1,...,n+ 1 be the standard basis for gl(n +1,C). Set H; := E% — pitLitl
E; := E%*1 F; .= B¢ which is a basis for sl(n + 1,C). Furthermore we denote the Killing form
by (X]Y) = tr (XY) and X,,, =t" @ X for X,Y € g and m € Z. Let {aq,...,a,} be a base for
AT, the positive set of roots for g, such that H; = ¢&; and let A, be the root system with base
{a1,...,a,;} (A, = 0, if » = 0) of the Lie subalgebra g, = sl(r + 1,C). A Cartan subalgebra $
(respectively $,.) of g (respectively g,) is spanned by H;, ¢ = 1,...,n (respectively ¢ = 1,...,7) and
set $Hy = 0. .

For any Lie algebra a, let L(a) = a @ C[t,t~!] be the loop algebra of a. Then g = sl(n +1,C) =
L(g) ® Cc ® Cd and g, = L(g,) ® Cc @ Cd are the associated affine Kac-Moody algebras with
5:9 =9HPCc® Cd and f)r = 9, ® Cc P Cd respectively.

The algebra g has generators Ej,, Fim, Him, 1 = 1,...,n, m € Z, and central element ¢ with the
product

[(Xom, Y] = t" [ X, Y] + dmsnom(X|Y)e.

2.1. Oscillator algebras. Let a be the infinite dimensional Heisenberg algebra with generators
Qijms Qjj o, and 1,1 <7 < j <n and m € Z, subject to the relations
[ai]ﬂ,ma akl,n} = [afj,ma a;;l,n} =0,
[aij,ma a’::l,n] = 6ik5jl6m+n,01,
[aijﬂm 1] = [a;{j,mv 1] =0.
Such an algebra has a representation p : @ — gl(C[x]) where
Clx] :==Clzijmli,jme Z, 1 <i<j<n]
denotes the algebra over C generated by the indeterminates x;; ., and p is defined by
. 0/0xijm if m>0, and j<r
plaijm) : = :
Tijm otherwise,
3k ) Tij,—m if m<0, and j<r
a; . L=
Pigm —0/0x;j,—m  otherwise.
and p(1) = 1. In this case C[x] is an a-module generated by 1 =: |0), where
aijm|0) =0, m>0and j<r, aj,[00=0, m>0orj>r
Let a, denote the subalgebra generated by a;; ., and afjm and 1, where 1 <i <j <r and m € Z.
If r =0, we set a, = 0.

Let A, = ((as]a;)) be the Cartan matrix for sl(n + 1,C) and let B be the matrix whose entries
are

,
B = (ai]oy) (72 = isrGjmr(r + 1) + §5i,r+15y;r+1)

5m_{1 it Q>

where

0 otherwise.

In other words

B =12 A, — (r+ 1) (8 W >+7"ET+17T+1.
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We also have the Heisenberg Lie algebra b with generators b;,, 1 <i<n,m € Z, 1, and relations
[bima bjp] =m %ij5m+p701 and [bzma 1} =0.

For each 1 <i <n fix \; € C and let A = (A1,...,\,). Then the algebra b has a representation
px : b — End(Cly],) where

Cly] == Clyimli,m € N*, 1 < i <n)]
and p) is defined on C[y]| defined by

0
pa(bio) = i, pa(bi—m) = €i - Ym, pr(bim) =me; - — for m >0

OYm
and px(1) = 1. Here
B a 0 0
Y = (Wm* Ynm): Oym a <8y1m7-“ ’ Bynm)

and e; are vectors in C" such that e; - e; = B;; where - means the usual dot product.

Note that since B,; is symmetric, it is orthogonally diagonalizable, (i.e. there exists an orthogonal
matrix P such that P"BP is a diagonal matrix) and hence we can find vectors e; in C™ such that
e;-e; =‘B;;. In fact for m > 0 and n < 0 we get

[bimybj ] = [mei a6 Y—n]

Oym
=m Z[eiki, €Y1 —n)
5l ayk)m ’

= m5m+n,o g €ik€jk = m5m+n,0%ij'
k

(See also [FF90D].)

2.2. Formal Distributions. We need some more notation that will simplify some of the arguments
later. This notation follows roughly [Kac98] and [MN99]: A formal distribution is an expression of
the form

a(z,w,...) = Z amn,. 2" w"

m,n, €L
where the a,, ... lie in some fixed vector space V' and z,w,... are formal variables. We define
da(z) = 0.a(z) = Y., na,z""'. We also have expansion about zero: there are two canonical

embeddings of vector spaces ¢, : C(z — w) — Cl[z,w]] and ¢, : C(z — w) — C[[z,w]] where
t2w(a(z,w)) is formal Laurent series expansion in 27! and —u, . (a(z,w)) is formal Laurent series
expansion in z. The formal delta function §(z — w) is the formal distribution

é(z —w) = z_lnze:z (5)n = lew (z—lw) — lw,z <z—1w> .

For any sequence of elements {a, }mez in the ring End(V'), V a vector space, the formal distribution

a(z) : = Z Az ™t

mEeZ

is called a field, if for any v € V', a,,,v = 0 for m > 0. If a(2) is a field, then we set

a(z)_ : = Z amz" ™"t and  a(z), = Z Az ™

m>0 m<0
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0= w)- =t (2 ) B0y = (1)

The normal ordered product of two distributions a(z) and b(w) (and their coefficients) is defined
by

(2.1) Z Z Camby 27T T =2 a(2)b(w) = a(2) 4 b(w) + b(w)a(z)_.

MEZNEL

In particular

Note that

For any 1 <1i < j < n, we define
ay(z) = a5,z () =Y agez "
neZ nez

and

bZ<Z) = Z bmz_"_l.

nez
In this case
[i(2), bj (w)] = Bi; 006 (2 — w),
[aij(2), ag(w)] = 6ird;110(z — w).
Observe that a;;(z) for j > r is not a field whereas aj;(2) is always a field. We will call a;;(z)
(vesp. a;;(z)) a pure creation (vesp. annihilation) operator if j > r. Set
aij(2)4 = aij(2),  ai;(z)- =0
aE)y =0, aly(z)- =al(z),
ifj>r.
Now we should point out that while : a'(z1) -+ -a™(z,,) : is always defined as a formal series, we
will only define : a(z)b(z) ::= lim,,—, : a(2)b(w) : for certain pairs (a(z),b(w)). For example

taig(z)ag () = Z (Z A :) z~m1

meEZ \n€Z

is well defined as an element in End(C[x] ® Cly])[[z,27"]] for all I > r (as p(aj,,,) == —0/02k,—m
for I > r ) or if both [ <r and j < r (see also the remarks after Theorem 3.1).
Then one defines recursively

cal(z1) - ab(z) =1 at(21) (:a*(z2) (- a"(zpo1)ak (zk) 1) - )
while normal ordered product
cat(z)---d®(2) = lim ra'(z1) (P (z2) (r0 a* Y (zp_1)a® (z) D)
Z1482,y " R —Z
will only be defined for certain k-tuples (a',...,a").

Let
(2.2) lab] = a(2)b(w)—: a(z)b(w) := [a(z)—, b(w)],
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(half of [a(z),b(w)]) denote the contraction of any two formal distributions a(z) and b(w) where
a(z), b(z) are free fields or pure creation or annihilation operators. For example if 7,1 < r, then

(2.3) lagjal,| = ﬂ;m(sﬂz*m*lwm = 03100 (2 — W) = 6irbj1 Lz (Z_1w>
(2.4) laj,aij| = — 1;]5ik5jlz"w*”*1 = =600 4 (W — 2) = 63101 Lz o (w 1_ Z) .
If I > r, then
(2.5) laijag,] = [ai;(2)-, ag(w)] =0

lagiaij) = lag(2) -, aij(w)] = —0ibj6(w — 2).

Theorem 2.1 (Wick’s Theorem, [BS83], [Hua98] or [Kac98] ). Let a’(z) and b’(z) be formal distri-
butions with coefficients in the associative algebra End(C[x] ® Cly]), satisfying

(1) l[}c(l(;) (w) |, c*(x)1] = [[a'b ]|, c*(x)L] = 0, for all i,7,k and cF(x) = a¥(z) or cf(z) =
(2) [a*(2)+, b (w)+] = 0 for all i and j.
(8) The products

a6 |- [a%b | s al(2) - a™ (2)b" (w) - BN (W) iy, i)

have coefficients in End(C[x]®Cly]) for all subsets {i1,...,is} C{1,...,M}, {j1,...,Js} C
{1,--- N}. Here the subscript (i1, ..., is;j1,---,]s) means that those factors a*(z), b’ (w) with
indicesi € {i1,...,is}, 7 € {j1,---,Js} are to be omitted from the product : a'---a™bl ... pN :
and when s =0 we do not omit any factors.

Then

at(z) - a™(2) m bt (w) - BN (w) =
min(M,N)
Z Z La’ilble LaisbisJ : al(z) ’ "aM(Z)bl(w) T bN(w) (i1 yeerisif1seeesds) *

s=0 1< <is, j1FFJs

Proof. Although it is essentially the same proof as in [Hua98] or [Kac98], we will repeat the argument
here for the convenience of the reader.

To simplify notation we will write a’ = a’(z;) and ¥ = b’ (w;) below, hoping that it will not cause
confusion. Moreover we define |a*b* | = 0 when k > min{M, N'}.
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The conclusion is true for M = N = 1 as follows from the definition of the contraction, (2.2).
Suppose now N > 1 and M = 1. Then by hypotheses 1 and 2, and induction
a:bt- bV ::abi_:b2---bN:+a:b2---bN:b1_

=aybl 0% BN abt ] 0N blas 0% WY a0 BN b

N
=a b} b DN ab 67BN Y bl b 67 b b b b DY e

j=2
N . -~ ~
tay 0?0V b Y a0 b BN bbb BN b al
j=1
N . o~
=ap bt BN [ab | 67BN Y Clabd bt b BN b el

j=2
bt b BN el

N
=: abl-~~bN:+ZLaij SR N L
j=1
The hat above a factor means omit that factor. Note that at each step we are combining summations
where all of the coefficents in each summand are in End(C[x] ® C[y]) when z1,. .., za get replaced
by z.
A similar argument proves the result for M > 1 and N = 1.

Now let us assume that M and N are greater than 1. Then using the hypothesis 1, 2 and induction
we get

Yoo > et fatbe ) et a0 e

§>0 1<ip <---<is,
J17##is

—al > N L) la ) e aME Y

§>0 2<i1 < <ig
G174 #is

%1 73,J1 tshls | . o2 M1l N . 1

D D D L R O e e L A A Y e
>0 2<i1<---<is
J1# - Fls

o~

N
—i—ZLalij ca?-adM bt b Y
=1

j
=aiy Do e latb) et a0
§>0 25i1 <+ <is
17 Hds
N
+:a%ad™ el oY —i—ZLalb]J ca?oaM bt b Y

j=1

=al Z la b ] - [a b | s a® - aMbt - BN in
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Since every step involves combining sums that are (by induction assumed to be) well defined when
Z1,...,2pm and wy,...wy are replaced by z and w respectively, so is the resulting product. This
completes the proof of the theorem. O

We will also need the following two results.

Theorem 2.2 (Taylor’s Theorem, [Kac98], 2.4.3). Let a(z) be a formal distribution. Then in the
region |z — w| < |w|,

(2.7) a(z) = Z OV a(w)(z — w)?.

Jj=0

Theorem 2.3 ([Kac98], Theorem 2.3.2). Let a(z) and b(z) be formal distributions with coefficients
in the associative algebra End(C[x] ® Cly]). The following are equivalent

N-1
(i) [az), bw)] = 3 06(= — w)e (w), where o/ (w) € End(Clx] @ Cly)[[w, w])
§=0
N-1
(i) 1ab) = 3 o (o ) €0

Jj=0

In other words the singular part of the operator product expansion

=3 o () o

Jj=0

completely determines the bracket of mutually local formal distributions a(z) and b(w). One writes

N-1 cj(w)

a(z)b(w) ~ Z o w)T

For example

(z —w)*

bi(2)bj(w) ~

2.3. Verma type modules. For a Lie algebra a we denote by U(a) the universal enveloping algebra
of a.

Let g, be a root subspace of g corresponding to a root a, n* = Gpecptgia and g=n" o HOn"T
a Cartan decomposition of g. Denote also nf = n* Ng,, nT(r) = nt \ n},

B, =L(nT(r))® (nf @C[t]) @ ((n,) ® H) @ C[t]t).

Then QT =B, ® S:T) is a Borel subalgebra of g for any 0 < r < n.
Fix A € $* and consider a g-module

M,(X) = U(8) ®u(z,) Cox
where B,v; = 0 and hvy = X(h)v;\ for all h € §.

Module M, (}) is a particular case of Verma type modules studied in [Cox94] and [FS93]. When
r =n it gives a usual Verma module construction. If r = 0 we get an imaginary Verma modules.
Let A, = Alg . Verma type module M, () contains a g,-submodule M (A,) = U(g,)(1®v5) which

is isomorphic to a usual Verma module for g,..
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Theorem 2.4 ([Cox94], [FS93]). Let A(c) # 0. Then the submodule structure of M, (X) is completely
determined by the submodule structure of M(A.). In particular, M,(\) is irreducible if M(X.) is

irreducible.
3. INTERMEDIATE WAKIMOTO MODULES
Define
Ei(2) = Z Eipz "1 Fi(z) = Zsz_"_l, Hi(z) = Z Hp,z" "1, 1<i<n.
nez neZ neZ
The defining relations between the generators of g can be written as follows

(R1) [Hi(2), Hj(w)] = (eil)cOwd(w — 2)

(R2) [Hi(2), Ej(w)] = (evle) Ej(2)d(w — 2)

(R3) [Hi(2), Fj(w)] = —(aila;) Fj(2)d(w — 2)

(R4) [Ei(2), Fj(w)] = 6,5 (Hi(2)d(w — 2) + cud(w — 2))

(R5) [Fi(2), Fj(w)] = [Ei(2), Ej(w)] =0 if (aila;) # —1

(R6) [Fi(21), Fi(z2), Fj(w)] = [Ei(21), Ei(22), Ej(w)] = 0 if - (eufeg) = —1

where [X,Y, Z] := [X,[Y, Z]] is the Engel bracket for any three operators X,Y, Z.
Recall that C[x] is an a-module with respect to the representation p and Cly] is a b-module with
respect to py. The main result of the paper is the following theorem where we define a representation

p:§— gl(C[x] ® Cly]).
We use the notation p(X,,) := p(X)m, for X € g.
Theorem 3.1. Let A € H* and set \; = A\(H;). The generating functions

p(F)(2) = ai; + Z @ijAi4 1,55

j=it+1
i1
p(H;)(2) =2:ayal; : + Z (sajal; : —:aji1a5; )
j=1
n
+ Z (s agaj; : — a1 a7, ;1) + b,
j=i+1

i1 i n i—1
* * * *
p(E:)(2) =: aj; E Ak i—10p ;1 — E QiQpg | =+ E Ai+1,kAi — E Ak i—1Q;
k=1 k=1 =1

k=i+1
—aiby — (Bisr(r +1) + i<, (i + 1) — 7*) daj;,
plc) =% —(r+1)

define an action of the generators Eun, Fim, Him, 1 = 1,...,n, m € Z and ¢, on the Fock space
Clx] ® Cly]. In the above ai;, aj; and b; denotes a;j(z), aj;(2) and b;(z) respectively.
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Remark 3.2. One can see that the normal ordered products : a;;(2)aj;(2) : are all well defined and
thus so is p(H;)(z). Moreover a careful analysis of the other formal distributions show that they too
have coffecients in End(C[x] ® C[y]). For example

n
*
E Ai+1,kAk

k=i+1

has summand a;41 xaj;, that is certainly well defined if k¥ < r and for k > r we have ﬁ(a;?‘k,m) =
—0/0x;,—m for all m € Z. Moreover the summation

i—1
Z ak,i—lazi
k=1

is well defined also for ¢ < r and for ¢ > r we have p(aj, ) = —0/0Tki,—m

Proof. The rather tedious proof is obtained by a routine application of Wick’s Theorem, Taylor’s
Theorem and Theorem 2.3 above. We have left the details in the appendix. g

Theorem 3.1 defines a boson type realization of f:[(n +1,C) and a module structure on the Fock
space C[x] ® C[y| that depends on the parameter 0 < r < n. We will call such a module, an
intermediate Wakimoto module and denote it by W, (A, ). The intermediate Wakimoto modules
Wo.r(A,7y) have the property that the subalgebra B, annihilates the vector 1 ® 1 € Clx] ® Cly],
h(1®1) = A(h)(1®1) forall h € § and c(1®1) = (v — (r+1))(1®1). Consider the §,-submodule
W =U(§,)(1®1) ~ W,,(\~) of Wn’r()\gy). Then W is isomorphic to the Wakimoto module
Wi 5 ([FF90b]) where \(r) = Mg,, ¥ =72 — (r +1).

Consider X € §* such that Alg = X, A(¢) = 42 — (r + 1), a Verma type module M, (}) and its
d,-submodule M (),). Suppose that M (), ) is irreducible. In this case the Wakimoto module W5
is isomorphic to M(\,.). Let W = U(g)Wi(r),5 and assume that A(c) # 0. Then by Theorem 2.4 the

module M,(S\) is irreducible and therefore isomorphic to W. Hence Theorem 3.1 provides a boson
type realization for generic Verma type modules.
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5. FIELD COMPUTATIONS

Set
i—1
HZ(Z) =2 aiia;‘i : +Z (Z ajia;i LAy g— 1aj i—1 Z)
j=1

n
. .. * .. . . * .
+ E ( QijQi5 0 = 1 Qip1,041 5 ) .
J=i+1

In the above a;j, and a;; denotes a;; (z) a;; () respectively.
For any a € AT we can find unique 1 < k <1 < n such that

a=0o+- -+ o.
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Set aq := ay; and a}, := af;. Observe that

l

(i) = Z a;lag) = (200604 + Or<i (051 — 0i—1,1) + 01> (dike — dig1,k)) -
j=

Moreover we have

5(1 zZ,w — if NOAS A+,
(5.1) lanaj]| = 0 bz, (Z*W) noa ﬁ T
0 otherwise
, “bagiw () i a,f8eAF,
(52) \_a’aa’ﬁj = .
—0a,30(w — %) otherwise

Since this is the case we can rewrite
Hi(z) = > (ailo) : anal,
acAt
As an example of a computation using fields we have the following
Lemma 5.1. For1<i<j<n,a,B€AT,
[Hi(2), aa(w)] = —(aila)aa(2)d (z —w),
[Hi(2), ag(w)
[Hi(2), Qwag (w)] = (aila)a
[Hi(2), Hy ()] = —(ularg) (1= Gisrdio )+ 1)+ S0i185041) Dubd(z — w),
[Hi(2),: aa(w)aj(w)al(w) ;| = (B + 7 — ) : aa(w)az(w)al(w) : 6(z — w)
— 6a€Aj(ai\a ( a,505 (W) + o Waﬁ(w)) 0wd(z — w),
Ha,(2),: aa(w)ag(w)al (w) :] = (aily — = B) : aa(w)ag(w)ai(w) : 6(z — w)
- 6’yeA+ (asly) (0 v, ﬁav( ) + 0a ’Yaﬁ(w)) Owd(z —w).
and by Wick’s Theorem

5.2)
Z : aij(z)a’;j (2) @ ag(w) ~ dikag(z) Lafjaklj

] = (aila)a

— — O —

Proof. Now by (5.1) and (5.2

and if @ = a + -+ 4+ ay, then

i—1
Hi(2)ag (w) = (2 aay; —|—Z (: aji@G; = aji-1a;,; 1 :)
j=1
n
+ Z (: @ijas; o =t Aiy10 1 ) )akl(w)

j=it1

Z—w
— Orct (2051041 + Sk (0it — 0i—1,0) + 011 (Oi — Jit1.1)) A (2)0(2 — w)

~ brsrse(aa)on(:)e (2 ) a0 - v)

1
~ —1<i<r (205031 + Ok<i (01 — Gi—11) + O1>i (0ike — Oix1,k)) Akt (2) Lz 0 ( )
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On the other hand
1
ag (WYH;(2) ~ dr<i<r(i]@)ag (W) iy, (z—) .

w

Combining the above operator product expansions we get the first identity. A similar computation
yeilds the second identity. The third identity comes from differentiating the second with respect to
w.

On the other hand by Wick’s Theorem

*

tay(2)ay(2) @ ag(w)ag(w) :
=: aq(w)ag(w)a,(2)a,(2) : +|aaa,] : ay(2)as(w) :
+ lagay ] : an(w)a;,(2) : +]ana,|laga,].

Thus
Mo, (2)Ha, (W) = > (cila)(05]8) : an(2)al(2) == ag(w)aj(w) :
a,BeAT
= Z (ai]a)(ey]B) - aa(z)ag(w)az(z)ag(w) :

a,BeAT

+ ) (il B)(a1B) : ap(w)aj(z) lajag]
BeAt

+ Y (eila)(ojle) : aa(2)a)(w) : [anas ]
aEA+

+ ) (eila)(ejle) [asal ] [ahaa),
aceA)

which can be rewritten as
1 1
(M) Moy 0] = 3 (aula)(eyle) (0w ot = e )
acAf
r
= ~(aulay) (1= Gisrdjor) (0 + 1)+ Z0is18sr1 ) Dud(z = w).
This follows from the calculation below for root system of sl(r + 1): If j <, then

Y (ajla)a=(r+ 1)

(xEAT+

and
S (@rsala)? = .
(XEA,JF

Again by (5.1), (5.2) and Wick’s Theorem

*

tay(2)ay(2) 1 aa(w)az(w)al (w) :

=: al,(z)az(z)aa(w)ag(w)a (w) :
(
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Hence the last identity follows from

Ha, (2) 1 aa(w)az(w)al (w) = Z (ailv) »ay(2)a;(2) = an(w)aj(w)as (w) :

veA+

~ Z (a;|v) ((Laiaaj : ay(z)az;(w)af;(w) :

veAt
+ Ly an(w)al(2)a (w) < + a0l an(w)as(2)al(z) ) ¢
+ (lagaa] lavaj]a}(w) + [a)aq] laval |ab(w))
~ ((azla)La o]+ aa(2)ag(w)ai(w) : +(ailB)agag] : aa(w)ag(z)as(w) :

(i)  aa(2)ai(2)as (w)) :
+ (a]@) (50475@2(11)) + 5aﬁa;§(w)) lalan]|aaal,].

Lemma 5.2.

[aij(2), agy(w)] = 0ixd;u6(z — w)
[aj(z )aj(z),a”( w)a; (w)] 01<i j<rOwd(z — w)
[aij(2), Owagy ()] = bird;100(z — w)
Owai;(w)d(z — w) = aj;(2)0w0(z — w) — aj;(w)0uwd(z — w)

The following result collects some other computations involving the free fields that will make

future calculations less tedious.
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Lemma 5.3.

(a) Yo lan()aii k(=) a(w)af y(w)]

k=it 1 l=j+1
= (5i,j+1 Z ajk( z)a; ]+2k jz+1 Z aik(z z+2k ))5(2_“})
k=j+2 k=i+2
i—1 n
(b) [ak,i—1(2)ag;(2), aji(w)al, (w)] = =6i—1ai-1,i-1(2)aj;(2)0(z — w)
k=11=j+1

(c) Z s aj; (Za’“ 1a;“ 1 Zamakz> s ajr(w );+1,l(w)} =0
l=j+1

(d) { a;, (Z kyi—1G); 51 Zakzakz> s ( w)}
= — (8ji—10i1,-1(2)a; ;(2) + 28, jai(2)aj;(2)) (2 — w)
i—1 -1
(e) { : a;‘i(Zak}i,lazyFl) e a;j (Z al’jla;"j1> : }
k=1
= 6j’i*1 :a’*( Qi1 1 (Z Ak i— 2 a/k’i2(w)> 5(2 - U})
—0ij—1: a;j(w j—1,5— 1( (Zalu 2 al,j2(z)> 6(z —w)

— (i = 1)d1<i—1<r0i5 * aji(2)az;(w) : 0uwd(2 — w)

i—1 j
() [ : a;(Zak,i,laZ’Fl) e a;fj (Z al,jal*,j) : }
k=1
=0ji-1:0a aj;(z)a;_ 1,i— 1( (Z Ak i— 1( ak,il(w)> 10(z —w)

— 85 ag( (Z aii—1( az,¢—1(2)> 6(z —w)
(z —w)

_151<’L 1<7"5]L 1:a Tz Z)az 15— 1( ):aw(sz

i J
® |oi( X awai) woa, (Z auazz> ] = =B+ )diics 8y i ()akw) : 9,6(:
k=1 =1

w)

13
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n i—1
L% *
E {Jln‘ E Ak,i—1Qk -1
l=j+1 k=1
i—1
_6j7i*1 ca 171 ’L a‘kﬂfl
k=1

+ 0i<r0ji-10;_1 ;(2) 000 (2 — w)

1—1
*

E Aki—10k ;-1 —
k=1

1—2
_— . * ) i i *
= Gy 5%—1735 ari—20; ;-1

=1

—
)
<
S

T
ES
- E Aki Qg
k=1

1
.
E ki
k=1
7—1 7
* *
=205 Y aniaaf + 01 Y ania)
=1 =1

g (w)ay (w)]
a’k i—1 Za’kl akz ) :

j—1
. *
2 E :ahj—lalj]
=1

— 1
Lk * *
- 5i7j—1 Q41 E Qri—14; ;-1 — E iy §(z —w)
=1 =1
i—1 j—1
* *
[E :ak,z‘—lakm E al.,j—l%}
k=1 =1
i—2 Jj—2
= 5]'11',1 E L apg—20ay; - _6i,j*1 E : al,j,galj : 5(2 — U))
=1 =1
[ E @i+ 1,k E ajt1,(w)aj (w )}
k=i+1 l=j+1
n n
. * . *
= Gigo1 D tairegah =01 Y agyanal,: |0z - w)
I=i+2 I=j+2

[ § ke i—10; E ajy1, za]l} =0

I=j+1

0(z —w)
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Proof. For (e) we have by Wick’s theorem

i—1 j—1
an’( E ak,i—lak,¢—1) “ gy E :al,j—lal,j—l :
k=1 =1

~ bji-1tag(2)ai_q i (Zalm 2(w)ay ;_ 2(w)> s lai-1i-1ag;)
+6, a(ai(w) (i al,i_1<w>a;ii_1<z>> (1)
+0i5 (2 (Za“ 1 al,i—l(w)> lai-1,i-105-1,-1]
+6ij—1ajj(w)aj_y j_q( (Zalj 2(2)ag;_o(2 )) lagaj—1,-1]

+ 035+ ag(2)ag;(w) : <2Lal,i—lazj—ﬂ La;i—lald—lJ)
=1

Hence

i—1 j—1
. * * . . * * .
[~ an‘( E ak,i—lak,ifl) RRRT E arj—-10p5-1 | }
k=1 I=1

= 5Jﬁ*1 : a‘;kz(z) Aj_1,i— 1 (Z Ak i— 2 ak’ig('w)> : (S(Z - ’lU)

+ 0ij—1 :a’;j(w) Gj—1,5— 1( <Z ai,j— 2( al,j2(z)> 3z —w)

1
+ (i = Dér<i—1<rbiy : aj;(2)ag;(w) : 0w (z — w)
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For (f) we have by Wick’s theorem

i—1 J
* * .. * * .
a“( E ak}iflak’iil) . CL]] E aljalj .
k=1 =1

+ 051 1 ag(2)a;_y ;1 (w) (Z al,il(w)a?,i1(2)> Laifl,ifla;,ij

+ 05 ag;(w

=1

<Zalz 1 an 1(2 )) La;‘kfl,iflajflyjflj

+ 051 1 ag(2)a;_y ;4 ( (Zalz 1(z)ag; 1 (w )) La;jaifl,iflJ

+0ji-1:

aj(z)a i71,i71( w) : Laifl,iflaiq,iqﬂ z‘71,¢71ai71,jflj

i—1
+0j,i-1 1 agi(2)a;i_1 ;1 (w) (ZLal,i—lazﬂ,le |_al*7i1al>j—1j> .

Hence

=1

i—1 7
. * * . . * * .
|: : aii( E ak,i_lak7i_1) o ajj E al)jal)j : ]
k=1 =1

= 0j-1 1 aj;(2)a;_ 1i— 1 ( <Zalm 1(w)ag ;1 (w )> 10(z —w)

+ i agi(w

(Z ari—1( al,i1(z)> 4(z —w)

+i61<i—1<r0ji-1 1 a53(2)a;_q ;1 (w) 1 Ouwd(z — w).
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For (g) we have by Wick’s theorem

i J
* * . * .
aii( E akiaki) o ajj E aljalj :
k=1 =1

~ 52’]’ L a (Z akl akl > : Laiia;jj

+ 572]' ta (Z alz alz > ai; A

+ 572]' ta (Z all a’lz ) a‘na]J
+ (51‘3‘ ta (Z alz a’lz ) aua]J
+36ij + agi(2)ag(w) : [aiiag; ] |aja;;]

+ 6ij : aj;(2)aj;(w) : (Z laziay;] I_alia'ljJ> .

=1

Hence

i J
{. aii< E akza,“) LG E aijag; }
k=1 =1

= (3 +9)di<i<rij @ ajz(2)a;(w) : 0yd(z — w).

Next we have

n i—1 7
(h) > [an (Z Qb i-10hi1 Z) g (w)a(w)]
I=j+1 k=1 k=1

= =0ji-1 1 a7 (Zam 1(2)aii-1(2) = Y ani(2)ag(2) ¢> 9(z — w)
k=1 k=1

j4+1<i—1 QisAj41,5— 1(2)(1 Ji— ( ) (Z - U})
+ 6j41<i @iiajr1,i(2)aj,;(2)6(z — w)
+ 6]+1<z 1 Q35Q541,5— 1(2)(1 ji— 1(2)5(2’ - w)

— 0j+1<i @iiaj1,i(2)aj;(2)6(2 — w)

= _63"1'*1: i— 11 (Zakz 1 ak’L 1 Zakl a’kz )(5(2—11))



18 BEN L. COX AND VYACHESLAV FUTORNY

6. PROOF OF THEOREM 3.1

We can now check the defining relations.

Lemma 6.1 (R1).

[p(Hi)(2), p(Hj)(w)] = (cilaj)p(€) 0w (z — w).

Proof. We use Lemma 5.1 in the following calculations:

[p(Hi)(2), i(2) +0i(2), H;(2) +b;(2)]

p(H;)(w)] = [H
( - (ai|aj) ((1 - 6i>r5j>r)(r + 1) + géi,r-l-l(s’,?"-‘rl)

.,
+ (ailay) (72 — 0isrOjsr(r+1) + §5i,r+15j7r+1)) >5w5(z —w)

= (il)p(c)0ud(z — w).

Lemma 6.2 (R2).

[o(H:)(2), p(Ej)(w)] = (aul, ;) p(E;)(2)6(2/w).

Proof. We will use Lemma 5.1 repeatedly:
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[Hi(2), p(E;)(w)] = [Hi(2), : a;j(z rj10j ;1 — Y Gk;aj;) :
k=1

+ Z @1,k — Z apj1ay; — a5;b; — (655, (r + 1) + 8;<, (5 + 1) = 7°) dajj]

JJ
k=j+1
Jj—1 J
= [Hi(2), :aan-1ah,; 11— Y [Hi(2), :aj;ansar; ]
k=1 k=1
n j—1
+ Z [Hl(z)v a]Jrl,ka;k]_Z[Hl(z)a Ak,j lak]]
k=j+1 k=1
—[Mi(2), aj;]b; = (855 (r+ 1) +35<r (G + 1) —7°) [Hi(2), waj;(w)]
j—1

=D ((eiley) s afjan 10k ;1 (2 = w) = di<jr<r(ailan + -+ + aj1)aj;(w)0wd(z — w))
J
= ((ailay) : afjanjai; : 8(z —w) = Gr<jer(aulan + - + a) (Eraiy(w) + aj;(w))0ud(z —w))

+(ailog) Y ajin(2)aj(w)d(z —w) — (oilay) Zam 1(2)ag; (w)d(z —w)

k=j+1
— (ailag)aj;(2)bj(w)d(z — w)
— (o) (5j>r(7“ +1) 4 6<r(j +1) —7%) a};(2) 06 (2 — w)

J
* .
= (ailay) ( E Ak, j— 1‘1/” 1 E akjakj)~
E @j41,k ) — E k,j—10); — a§j5j>5(z—w)

k=j+1

J
+ ) dicier(ailar + -+ ) (Grai(w) + af; (w))0ud(z — w)

Z S1<j1<r(ailag + -+ + ay_1)al;(w)0wd(z — w))
](€ i) 0j5r(r +1) + i< (j +1) = 7?)aj;(2) 000 (2 — w).
The last term of p(H;)(2) gives us
[bi(2), p(Ej)(w)] = —Bija;;(w)duwd(z — w).

There are three cases to consider:
Case I. j <r: Then
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M-

(il + - + ;) (Opap (W) + af;(w))0wd (2 — w)

=
Il
(SN

-1

(ilog + -+ + aj-1)af;(w) 0w (2 — w)

k=
— (evilay) ( J>T(T+1)+5j<r(j+1)_ %) aj;(2)0u0(2 — w)
( |O‘7)('Y — bisr0sr(r+1) + 5zr+1éjr+l)ajj( )0u6(z — w)
= (7 + D(euley)aj;(w)duwd(z — )
= (ailay)(j +1 = ~%)a};(2)006(2 — w)
(041|0‘J)’Y aj;(w)0uwd(z — w)
—(ilay)(j +1 = 4)waj;(w)d(z — w)

e

by Lemma 5.2.
Case II: j =7+ 1:

= ((@ulan + -+ + an)agy g (W)000(z — w))

k=1

— (ilary) ((F+1) =2%) iy 41 (2)000(2 — w)

— (@ilar1) (72 = Gimn(r + 1) + géi,r+1)ar+17r+1(w)8w6(z —w)
—(ailarr) ((r+1) = 7%) Qw41 i1 (w))3(z — w)

which follows from

= Y (@l 4o+ ) + (@il G (4 1) = 505041)
k=1

-2 it 1=i=nr

0 if 1<i<r
=q¢—(r+1) if 1<i=r

2(r 4 1) if 1<i=r+1

(ai|ar+1)(r+1) if i>r+4+1
= (aifart1)(r +1)

Cases III: j > r+ 1:
— (04]ey) (r +1-— 72) ajj(z)ﬁwd(z —w)
— Bija;;(w)0wi(z — w)

—(ailoy) (r+1=77) aj;(2)0u0(2 — w) + (eilo) (72 = dimr (r + 1))aj; (w) (2 —

= —(oloy) (r +1-— 72) (8wa;j(w))5(z —w)
by Lemma 5.2 and the fact that (e;fo;) =0fori <r <r+1<j.

w)
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Putting these computations together we get

[p(H:)(2), p(Ej)(w)] = (evile) p(Ej) (w)d(z — w).

Lemma 6.3 (R3).
[o(Hi)(2), p(Fy)(w)] = —(eula;)p(F})(2)0(z — w).

Proof. The proof follows from Lemma 5.3 :

[p(H:)(2), p(Fy)(w)] = [Hi(2), p(F})(w)]
= [Hi(2),a55(w) + Y ajr(w)aj,, y(w)]
k=j+1

= —(ailay)a;;(w)s(z —w) + Y [Hi(2), ae(w)alyy x(w) + D aje(w)[Hi(2),afyy ()]
k=j+1 k=j+1

= (= (ailoy)agi(w) = D (ailay + -+ + ar)aju(2)a) 4 (w)
k=j+1

n

+ Z (vilojpr + - + ozl)ajk(w)a;fﬂ,k(z))é(z —w)
k=j+1

= —(ailay)p(F;)(2)d(z — w)

Lemma 6.4 (R4).

[P(E) (), p(Ey) (w)] = 815 (pUH:) (2))8(= — w) + p()Dub(z — w))

Proof. First we take i = j. Now for the convenience of the reader we recall that p(E;)(z) is equal to

i—1 i n i—1
* * * . * *
s E Ayi—10p ;1 — E il | @+ E i1,k g, — E Al i—10p;
k=1 k=1 k=i+1 k=1

— a;bz — (6i>r(r + 1) + 5i§r(i =+ 1) — ’)/2) 8@;

and thus the first summand of p(F;)(w) = ai; + 37,2, | aiaf, ; brackets with p(F;)(2) to give us

i—1

(2 sa(z)al(z)— Z (ak,i—105 ;1 — ariag;) : —|—bi(z))6(z —w)
k

=1

+ (§i>r(r + 1)+ di<r(i4+1) — 72) 0,0(z —w).

The second summation in p(F;)(w) contributes
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> [pENE), anlai@)] = 30 [ air)an (), anw)ai,(w)
l=i+1 l=i+1 k=i+1
= 3 (aa(=)ai(=) — asra(=)ai () )5z — w)
I=i+1

— Oir1<r(r — 1)0wd(z — w).

Adding these two summations up, we arrive at the desired result.
Now consider the case |i — j| > 1. Then p(Fj)(w) acts by aj; + 3,2, ajaj,, . First we have

1—1 1 n i—1
[Ei(2),aj;(w)] = |::a;’ Uhi1@h, y — > kit | ©+ Y @ikl — Y akio1aj
k=1 k=1

k=1 k=i+1

i—1 i
Lk * * .
= {-an‘ E Ak,i—1Qk ;-1 — E AkiGp; '»ajj(w)}
k=1 k=1

= —0j,i-10;—1,—1(2)a; ;(2)0(z — w)

by Lemma 5.1 (d). Next we have

n

i—1 i n i—1
B S ant)agw = | a; (z —zama;;i) B SRR S
k=1 k=1 k=1

I=j+1 k=i+1
n
—aibi+ (VP e i+ 1) Dl S aﬂ(w)a;fﬂ,l(w)}
I=j+1
1—1 7 i—1 n
ST DOCEREIIE SR R SESRE D SR LA
k=1 k=1 k=1 I=j+1

by Lemma 5.1 (a)
= 0ji-10i-1,i-1(2)aj3(2)0(z — w)
by Lemma 5.1 (b) and (c).

Adding the last two calculations up finishes the proof of this lemma.

We are now left with the Serre relations:

Lemma 6.5 (R5/R6).
[p(Fi)(2), p(Fj)(w)] = [p(Ei)(2), p(Ej)(w)] = 0 if  (euloy) # —1
E;) (=

[p(Fi)(21), p(Fi) (22), p(F;) (w)] = [p(Ei) (21), p(Ei) (22), p(Ej)(w)] = 0 if  (evila;) = —1.
Proof. Let us check the relations for p(F;). (The Serre relations were already known to hold true for

the F;, see [FF90b], but we provide a proof for the convenience of the reader.) A straight forward
calculation shows
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n

[an(Z% aj;+ ajla§+1,z} = 0,j+104,j+1(w)6(z — w).
I=j+1
Moreover
n n
[ Y an@aiple), )+ Y ap(war, ,w)]
k=it+1 I=j+1
n
= (5i7j+1 > an(2)a) 04 (2) = 6t Z ik (2)aiy ok (2) — 5j,i+1ai,z'+1(2)>5(z—1U)
k=j+2 k=i+2

by Lemma 5.3 (a). Thus

[p(Fi)(2), p(Fj)(w)] = (i 54+105,j4+1(w) = 6j,i+104,i41(2)) 6(z — w)

(6.1) {01 Y apn(2)a) 05 (2) = i1 Y ain(2)ajia(2) | 6(z —w).
k=j+2 k=i+2

Note the above is zero if |i — j| # 1 which is precisely when (c;|a;) # —1. As the first index in ax
(resp. aj;) in p(F;)(z) is ¢ (resp. ¢ + 1) we also get

[p(F)(21), p(F3)(21), p(F}) (w)] = 0.

This completes the proof of the relations R5 and R6 for p(F;)(2).
Now we break up p(E;)(z) into three summands

i—1 i

1 e ok ) * E ako | .
p(E;)(z) == aj; § ak,zflak,iq - Uil | -
§ Ai41, ka‘lk E Ak i— lak;z

k=i+1
p(E?)(2) = —aj;bi — (§isr(r + 1) + Si<r(i+ 1) —7*) Day;.

sy
—
5
~—
—
N
~—
I
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By Lemma 5.3 (e), (f) and (g) we have

d(z

. *
=dji-1: a;(2)aj_ 1,i— 1( <§ ak,i—2( a’kz o( )
j—2
. *
_(Si,j*l‘ajj(w Gj—1,5— 1( E ar,j—2( azg o( d(z

. *
- j,ifl-au'( Aj—1,i— 1 <§ ak,i—1( a’k,i 1(

j—1

+6iaj*1:a’;j< ] 1,5— 1 (Zak] 1 akj 1( )) :6(Z_w)
= (i = 1)di<i—1<rij : aj;(2)af;(w) : 0d(z — w)
+ib1<i-1<r0ji-1 1 a5 (2)a;_q ;1 (w)  Opd(z — w)

— Joi<j—1<r0i -1 ajj(w)aj_q j_1(2) 1 0.0(2 — w)

— (84 1)01<i<rbij 1 aj;(2)aj;(w) : 0uwd(z — w).

:0(z
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By Lemma 5.3 (h) and (i),

1 Bl
[o(ED(z), p(E2) ()] + [o(E2) j><w>]
i—1
6j i—1 1, ’L E [ 1 ak i— 1 E a’kl ak}’t 6(2 - ’LU)
Ak, j— 1(w) ,J 1 ( E :ak.]ak?j :> w)
k=1
i—2
— | rafi (0im1s D @20l + 81 E 41,4071
1=1 =1
i1 i
0i,j—105,i41 Zal,i—laii—l - Zalial*i 2 0(z —w)
1=1 =1
j—2 J
+ | raj; | dj-1. § arj—20; ;1 + 0ji-1 E :al,ja?,jﬂ
1=1 =1
j—1 J
* * * .
—04,i-105 j11 g arj-1a; ;1 — E aaj; | = |6(z —w)
1=1 =1

*
+a;i_1,:(2)0wd(z —w)
1—2 7
* * *
= =051 01, Zak,z‘—zam_g - Zakia,ﬂ- 2] 9z —w)
1+1
=+ 51'»3'*1 La; 7.+1 E A i— 1a’k -1 E ag l+1a‘k Ji41 : 5(2 - 'U})
* * *
—ag; <5i1,j Y " ari2ai; y + 01 § al,ial,i+1> §(z —w)
=1 =1
j—2 J
* * *
aj; | 6510 Y anj—2ai, 4+ 651 Y ajai ;| 6(z — w)
=1 =1

+ bi<rdji-10;1,(2)0wé(z — w)
- 5]‘57451'7]'_1@;_1,]4 (w)&Z(S(z — IU)

)_.

+6i -1 a5 ;(2) (

Similarly

p(E})(2)p(E3)(w)
et

i—1 7
[ tay; <Z Ahyi—10f ;1 — Z aki‘ﬁ;i) “ *a;jbj - (5j>r(7" +1)+6<r(G+1) - ’72) 8”?]’]
:( 51 1Jazza1 1,i— 1+6i] i@ n)b(s(z_ )
+ (§r(r+ 1)+ 8<, (5 +1) —77) (=0i1,jai:(2)a;_1 1 (2) + 6ija5;(2)as;(2)) Owd(z — w)
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so that

[P(EDEPED )] + [p(ED) =), p(E}) (w)]
= (=bic1ja505 1 1bj + 65105051 5 1b;) 6(z —w)
+ ( j>r(r+1) 4+ 0j<r( +1) = ) (_5i*1,jaii(z)a?71,ifl( z) + 0505 (2)ag; (2 ))3 0(z —w)
— (B (7 4 1) 4 Gy (i 4 1) = 72) (=65 10055 (w)al_y sy (w) + Si5a% (w)a; (w)) D.8(z — w).

By Lemma 5.3 (j), (k) and (1) we have

[p(E2)(2), p(E2) ()]
i—2 j—2
= ((5]‘71‘_1 Z . aM_QaTi . 7(51”'_1 Z . al,j_gafj . >5(Z — ’LU)
=1 1=1
+ ((57;,]'_1 Z Saig2ay t —05i-1 Z Qg2 k@) )6(2 —w).
l=i+2 l=j+2

Next we have

[P(E2)(2), () (w)]

[ Z @it1,k 05 — Zak i—10);, —a;;b; = (6j5r(r+ 1)+ 8j<r(j+1) — 72) 86%}
k=i+1

= (=6j4107 ;11 bip1 + 5j,z‘—lai_1,ibz'—1) 6(z — w)
— (Ojor(r+ 1) +65<r (G + 1) =7°) (600105 11(2) = 0j.-107_1 1(2)) Dud(z — w)
so that
[P(B2) (), p(E)(w)] + [p(ED)(2), (D) (w)]
= (=0ji410] ;1 bivr + 0ji-1a;_y ;bio1) 6(2 — w)
— (Ojor(r+ 1)+ 6, (j+1) — ’YQ) (5j,i+1af,i+1(2) - 6j’i71a2<71’i(2)) w6 (z — w)

- (_6i,j+1a;,j+1bj+l + 52‘73‘71@;71,3'5]‘71) 3z —w)
+ (5¢>T('r + 1)+ i<r (i +1) — 72) (6i7j+1a;j+1(w) — 5¢,j_1a;_17j(w)) 0,0(z — w).

Lastly we have

P(ED ), p(E)(w)]
= [ — a;bl — (5i>r(r + 1) + 5i§r(i + 1) — ’}/2) 8a;‘i, —a;fjbj — (5j>7«(7" + 1) + 5j§r(j + 1) — 72) aajj}

T
= a“a]] (O&”O&j) (’}/2 - 6i>,«5j>7~(r + 1) + 55i7r+16j,r+1)> 8w5(z — w)
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Now we add to obtain
P(ED(2), p(Es)(w)]

2
—0ij1: a;j(w)a;—l,j—l(w) < al,j—Q(Z)a?,j—Q(z)
1=
i—1
—0ji-1: a':i(z)a?—l,i—l(z) <Z ak,i—l(w)a;;,i—l(w)> 16(z —w)

+ i1 a;j(z)a;—l,j—l(z) ak,j—l(w)a}i,j_l(w)> 10(z —w)
k=1

— (i = D)di<i—1<rbsj @ aj;(2)aj;(w) : 0y6(z — w)
Fid1<i—1<rjio1 ¢ a5(2)ai_1 ;1 (w) : Owd(z — w)
— joi<j—1<r0ij—1: a;fj(w)a;fl’jfl(z) :0,0(z —w)
— (34 i)01<i<rij : ajy(2)aj;(w) : 0wd(z — w)

Lk * *
—0j,i-1 Qi ( Af,i—20) 52 — E AkiQp; -

~)

k=1

[~}
©
SN—
(=)
—~~
I
|
S
~

-
—= =

i+1
+0ij-1 1741 Qki—10) 1 — E ajay i1 | 0(z —w)

k=1 k=1

1—2 7
* * *
—tay <5i—1,j E ai—207 ;1 + i1 E al,iaz,i+1> 6(z —w)
=1 =1
j—2 j
* * *
;| 6510 Y anj-2ai, 1+ 0501 Y arai ;| 6(z —w)
=1 =1

+ 5j7¢_1a’{_1,i(z)8w5(z —w)

= 6ij-1a;_1 ;(w)9:6(z — w)

+ (*5i—1,ja;‘a;—1,z‘—1bj + 01 Za]jaj 15— 1bi ) 3(z — w)

+ (6or(r +1) +8j<r (G +1) = 7%) (=0im1a;(2)ai_y ;-1 (2) + 8505y (2)af;(2)) Dud(z — w)

= (Oinr(r+ 1) + Gi<r (i + 1) = 7°) (051005 (w)a_y ;1 (w) + §ijaf;(w)aj; (w)) 026(z — w)

j—2
+ (5371 1 Z apq— Qah : 7(52'73'_1 Z . alvj_gafj . >6(z — w)
1=1
+ <(5 -1 Z Ait2,105 1 =051 Z FOTCRNOE )5(2 —w)
(-
- (9
— (-9

1=i+2 l=j+2
+ (=05,i410; 14 1biv1 + 65107 ;bi1) 6(z — w)
sr(r+ 1)+ 6< (G +1) —4°) (65, 4107 41(2) — 8501071 ;(2)) Ouwd(z — w)
,y+1% Gaeibir +0ijo1a7 1 jbj1) (2 — w)
+ (Bisr(r + 1) + 0i<r (i + 1) =7%) (0i 10 j 11 (w) = bij1a;_y j(w)) 0.0(z — w)

* * T
+ a5 ()5 () (@lay) (12 = 8isrdior(r + 1) + S0irs165041) ) Dud(z = w).
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When ¢ = j this reduces to

[P(E)(2), p(E)(w)]
—(i = Ddi<i—1<r 1 aj3(2)ag;(w) : 0u0(z — w)
= B+ 1i)di<icr t a5 (2)aj;(w) : 0ud(z — w)
+ ((5i>r(r + 1)+ 0i<r(i+1) — 72) al;(2)a};(2)0y0(z — w)
Sisr(r + 1) + Si<r (i + 1) = 7%) afs (w)af;(w) 9.8 (2 — w)
+ 205 (2)ai;(w) (12 + Grsisr = DO +1) + 815 ) Dud(z —w)
=—((i = Ddi<i—1<r + B+ )d1<i<r — Girp1r) @ a3(2)ag;(w) : 0ud(z — w)
+ 0i<r (i + 1) (af;(2)as; (2) + a3 (w)aj; (w)) 026(z — w)
+ (1 +1)disr (a5 (2)aj;(2) + ajy(w)aj;(w) — 2a5;(2)a}; (w)) Bud(z — w)
+7% (2053(2)aj;(w) — ajy(2)aj;(2) — af;(w)aj;(w)) Dwd(z — w) =

i>r

This proves the result for ¢ # j + 1.
If i =j + 1 then we get

[p(E)(2), p(Ewa)]
=t aj;(2)aj_ 1,i— 1 (Zakz 2(w)ay, ;o Zalm 1 ak,il(w)> 10(z —w)

. (z st z ) w
i—2 i—1

- (Zam 207 1) 6(z —w)+ai_y ;4 (Zahilal*i) 6(2 —w)
=1

=1

(Z D ay—2a]; )(5(2 —w) — ( Z RN A )5(2’ —w)
1=1

l=i+1

—aja;_q; 1bio10(z —w) +ai_y ;(bi—1 +b;)d(z — w)
+ (Bisr(r+1) + di<r(i + 1) — ’72) Owa;_q ;(w)o(z — w)
+ 4y (2)0wai_1 (W) (V2 = Sim1<ri — Gi15p(r + 1)) 6(2 — w).

Thus
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[P(BD(1), p(E) (), plEimr)(w)]
= a5a,—1, (2_: Ak i—20) ;o :) 0(z1 — w)d(ze — w)
k

i—1
* * *
+ 1 agai_1; (E Qi = — E ak,¢_1ak7i_1> 0(z1 —w)d(ze — w)
k=1 k=1

<l
X

azaz 1,2

> aaj, f) 6(z1 — w)d(z2 —w)
k=1

+id1<i—1<r © aj;(21)ag;(22)a;_q i—l(zQ) 10(22 —w)0.,0(21 — 22)
+ (i +2)01<i<raj;(21)a;_1 ;(22)0(22 — )02, 6(21 — 22)
+ 01<i<raj;(22)a;_ 1, i(21)0(22 — w)0.,0(21 — 22)

- 61<l 1<7»CL”(21)0,1 1 1(22)5(Z2 - w)azzé(zl - 22)

—aj; Z ari—2a7; 1 0(21 —w)d(z2 — w)

taja;_y R (bi—1 + b;)0(z1 — 22)0(22 — w)
N (5i>r(r+ 1) +di<r(i+1) — 2) X (21) aj_y4(21) : 6(22 — w)Du6(21 — w)
— (v = bi1<ri — Gi1sr(r+ 1)) 1 a a; 21)8 Gy (W) 5(z1 — 22)(20 — w)
+ (72 —0j—1<ri — Oi—1>r(r+ 1) ) (22)a7_1 i 1(21) 2 Dub(z1 — w)6 (25 — w).

Next we have

P(E2)(z1), p(E)(z2), p(Ei1)(w)]

(:a (z2)a;_1 4( (Za’“ 2(w)ay 2(w)):

i—1

Qi Qi1 5 ( Ak,i— 1akz 1) S Qi1 Ak i—10p;

k=1

a;.'ki <Z a’l,iQG‘zk,i) N (Z ali— 1a’l2> +a‘u i—1 zb )6(21 - 22)5(22 - U))
=1

— (fyz — 0i—1<rt — Oi—15p(r + 1)) aj(z2)ai_q ;(21) 1 0wd(21 — w)d(22 — w).
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The third summation contributes
P(BD 1), p(E)(z2), p(Ei1)(w)]
=: a;‘_17ia;bi5(z1 — 29)0(29 — w)

+ (5i>r(r + 1)+ 0i<r(i+1) — 72) aji(z2)a;_q ;(22)0:,0(21 — 22)0(22 — w)

+ ( - a;'ki(zl)ar—l,i('z?) (72 —isr(r+1) — §i,r+l)

—aj;(z21)ag;(22)a;_1 ;1 (22) (v = 8im15r(r + 1)) )5(22 —w)0,,0(z1 — 22).
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Consequently

[p(Ei)<Zl)ap(Ei)(Z2)7 P(Ez;l)(w)}

= a;a,—1, < Aki—20) ;o :) §(z1 —w)d(z2 — w)
1

i i—1
apiay; : — Zak,i—1a2,i_1> d(z1 — w)d(ze — w)
k=1

S

k
Lk %

+ a0,

k

1

<

—rana;_q, ( ak;ay; :) 0(z1 — w)d(z2 — w)
1

k=
+id1<i—1<r ¢ ag(21)ag;(22)ai_q ;1 (22) : 6(22 — w)0:,6(21 — 22)
+ (1 + 2)d1<i<ra;(21)ai_q ;(22)0(22 — w)0,,6(21 — 22)
+ d1<i<raj;(22)a;_q ;(21)0(22 — w)0,,0(21 — 22)

- 51<1 1<Tazz(21)a’z 1, z(ZQ)é(ZQ - w)8226(z1 - 22)

—ay Z ari—2a7; 1 0(21 —w)d(z2 — w)

azzaz 1,i (bi—1 + b;)0(21 — 22)0(22 — w)
z>7‘ 7"“!‘ +6i<r(7;+ ) _ 2) : a (Zl) a;_ 11( 1) . (5(2 —w)5w5(z1 _w)

('y — 0j—1<rt — Oi—1>r(r+ 1) ) a;i(21)0wa;_y ;1 (w) : 6(21 — 22)0(22 — w)
+ ('72 — 0 1<'r7/ i 1>'r T+ 1 ) 22) a;_ l,ifl(zl) : 8w(5(21 - 'LU)(S(ZQ - w)
+ (— saj;(z2)a;_q 4( (Z ak,i—2( ak,i—2(w)> :
i—1
+ 1 aga;_q (Z ak,i—laz,i—1> traigg Zak,i—lazz‘
k=1 k=1
i—2 i—1
ai; (Z W,z‘—”ii) Peraigy (Z al,i—la;z) + a;‘kiaf—l,ibi—1> (21 — 22)6(22 — w)
I=1 I=1

= (7* = Giizrt = Sim1sr (r + 1)) s afi(22)ai_1 4(21)  wd(z1 — w)d (22 — w)
+aj_q;a50i6(z1 — 29)0(29 — w)
+ (Oisr(r +1) + 0i<r (i + 1) =77 afi(22)a;_y 1(22)0:,0(21 — 22)0(22 — w)

+ ( —aj;(21)a;_q ;(22) (v = Gisr(r +1) = 85 p41)

a;‘(Zl)a';‘ki(ZQ)a:fl,ifl(zQ) (’72 —Oi1>r(r + 1)) >5<Z2 —w)0.,0(21 — 22)
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= (i51<i71<r sagi(21)ag(22)ai 1 ;1 (22) :

— (7* = Sicizri = Gimise(r + 1)) 1 afy(21)af(21)Qwai_y ;_y (w) :
+ (V2 = bimr<ri — Gias,(r + 1)) afi(21)a;(22) @iy i1 (21) -

— (=i (r+ 1) g (Zl)afi(zz)a?_1,i_1(22))5(22 —w)0wb(z1 — w)
+ (i + 2)b1<i<rag(21)ai_y ;(22)0(22 — w)02,0(21 — 22)
—d1<i—1<rai(21)ai_q ;(22)0(22 — w)0.,6(21 — 22)
+ d1<i<raf;(22)a;_q ;(21)6(22 — w)0:,6(21 — 22)
— (5i>r(r +1) 4+ 0i<r(f+1)—7 ) cag;(z1)a;_q 4(21)  0(22 — w)0y0(21 — w)
- (72 — 0i—1<rt — Oj—15p(r + 1)) caj;(z2)ar_q i( 1) : 0wd(z1 — w)d(2z9 — w)
= (Oisr (r +1) + 0icr (i + 1) = 7°) ay(22)a;_ 1 i(22)0 (22 — 0)Dd (21 — w)
—aj(z1)a;_1(22) (V2 = Gisr(r + 1) = 65 p41) 0(22 — w) 06 (21 — W)

= (— (Oisr(r+1) + 8icr(i+1) =77) s aji(z1)a;_y (1) :
—aj;(21)a;_q ;(22) (v2 = (i 4+ D)d1<i<r — Gisp(r + 1)) )5(22 —w)0ypd(21 — w)
— (Gisr(r + 1)+ 8i<r (i + 1) = ¥%) @i (22)a}_ ;(22)0(22 — w)Dud(21 — w)

— (v = Gimr<ri — Gimase(r + 1)) aji(22)a;_1 ;(21)  9wd(21 — w)S(22 — w)
+ 1<i<ra(22)ai_y ;(21)0(22 — )9y (21 — w)

= ( — (Bisr(r+ 1) 4+ di<r(i + 1) — v?) aj;(z1)a;_q (1) :

+ (isr(r+1) + di<r(i + 1) — )a* (21)ai_1 ;(22)
— (0>
(9
=0.

7 T+1 +(51<1(Z+1) Y )a* (ZQ)G‘Z 11(2’2)

+ (Sisr(r +1) + Gi<r (i + 1) = 7%) 1 afs(22)a)_y 4(21) : )(5(22 — w)0y6(z1 — w)

Now we turn to the last series of computations:
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PEL) (), p(B)(z2), p(Eir)(w)]

=—(i —2)di—2<r: a;‘ki(ZZ)a;'k—l,i—l(Zl)ar—l,i—l(z2)5(z2 —w)05,6(21 — 22)
— (14 2)0i—1<r @ a3i(22)i—1,i—1(21)ai—1,i—1(22) : 8(22 — w)0,,6(21 — 22)
+ (i = 2)bi2<r 07151 (21)ai 4(22) 1 6(22 — w) D, 6(21 — 22)
+20i—1<r af—l,i—1(zl)af—1,i(z2) 10(22 — w)02,0(21 — 22)

1—2

+2:ai_y ;a5 (Z al,i—2a7,i—1> 6(21 — 22)6(22 — w)

=1

i—2

— a:—l,i—lar—l,i <Z ak,i—2az,z’—2> 10(z1 — 22)0(22 — w)
k=1
i—1

+ai_ 1,011 (Z ak,i—laz,i—1> 16(21 — 22)6(22 — w)

k=1
i—2
— a’{_l,i_1<Zalvi_2a;‘i : >(5(Zl — 22)5(22 — ’UJ)
=1

+: a;'ll,ifla?f1,1‘71“;171'715(21 — 22)0(22 — w)

- (72 = 0i—1<rl = Gi—15r (T + 1)) : a;‘k—1,i—1(Zl)af—l,i—l(zl)a;(@) 10(22 — w)dwb(z1 — w).

Next we have

[P(B21)(21), p(B)(2), plEir)(w)]

i—2

(]

. * *
=Gy 40;1 -1

ak7i_2az7i_2> :0(21 — 22)0(20 — w)
1

| =
N

<.

(]

—-2: a;ia:—l,i—1< ak,i—2az,z’—1 : )5(21 — 22)0(22 — w)

* *
— Q01451 (

i1—2
+rai g <Z al7i—2a71> 6(z1 — 22)0(22 — w)
=1

- a?—l,ia:—l,i—lbiflé(zl — 22)0(22 — w)

+ (72 —0i—1<rt — 015 (r + 1)) ai_1,:(21)0wa;_q ;1 (w)d(21 — 22)0(22 — w).

s.ﬁ‘
_

ak7i_1a,";,i_1> :0(21 — 22)0(20 — w)

>
Il

1

33
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The third summation contributes
[P(E2) 1), p(E:)(z2), plEir)(w)]
== a0y, 10,11 bi—16(21 — 22)0(22 — w)
+ (5i71>r(7“ +1) +dic1<ri — 72) : afz’('zz)a:fl,ifl(22)0”;71,1'71(22) 1 6(22 —w)0s,0(21 — 22)
+rai 1,101, bic16(21 — 22)0(22 — w)
+ (Sim1mr(r 1) + 0i1<ri = 92) s ai_y o (22)ai_y 1 (22) 0 (22 — w) Dz, 6(21 — 22)
— (V¥ = (r+ V)disrg2 — Gippa)a;_y ;1 (21)a;_ ;(22)0(z2 — w)D2,0(21 — 22)
+2(3 = (r+ Disrpr + g5i,r+2)af_1,¢_1(Zl)af_1,¢_1(Zz)af,i(@)fs(zz —w)05,0(21 — 22).
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Adding these all up we get

[p(Bi1) (1), p(Ei)(z2), plEir)(w)

=—(i— 2)51'—29 : afz‘(22)‘1:—1,1—1(21)“:—1,1—1(752)5(2'2 —w)0,,6(21 — 22)
— (1 +2)0i—1<r = Gii(22)ai—1,i—1(21)@i—1,i—1(22) 1 0(22 — w)05, (21 — 22)
+ (0 = 2)0i—2<r a7y ;1 (21)ai_y i (22) 1 0(22 — w) D, 6(21 — 22)
+20i1<p af—1,i—1(zl)a;—1,i(z2) 1 0(22 — w)0:,0(21 — 22)

i—2

+2: a1, a5 <Z al7i—2a7,i—1> (21 — 22)6(22 — w)

=1

i—2

— a1 101, (Z ak,i—2a2,1—2> 10(z1 — 22)0(22 — w)
k=1

i—1

K3
01407 141 < ak,i—laz,i—1> 10(z1 — 22)0(22 — w)
k=

=

i—2
- az‘_17i_1(2al,i_2a7i : )5(21 — 22)5(22 — ’lU)
=1

+rai g 101, 1050 10(21 — 22)d(22 — w)

- (’YQ —0i—1<rt — im1>r(r + 1)) : a;—l,i—l(Zl)a';‘k—l,i—l(zl)a:i(ZQ) 10(22 — w)0ywb (21 — w)

i—2
a0, (Z ak,i—2az,z‘—2> 10(21 — 22)0(22 — w)
k=1
i—2
—2:afal g (Y aiaai ot )d(n - 2)0(z —w)
k=1

1—1
=710 11 <Z ak,i—laz,z‘q) 10(21 — 22)0(22 — w)
k=1

1—2
+raiq (Z al,i—za?}> 6(21 — 22)0(22 — w)

=1
- a?—l,ia?—l,i—lbiflé(zl — 22)6(22 — w)
+ (72 — Gim1<rt — Gimase(r + 1)) a;_1,4(21)0wai_q ;1 (w)d(21 — 22)0(22 — w)
= a5y 107 ¢ bic16(21 — 22)6(22 — w)
+ (Gicasr (P4 1)+ 6im1<ri —77) s aji(22)a;_y ;1 (22)a;_ 1 ;1 (22) : 0(22 — w)0:,6(21 — 22)
+rai g, 107 1, bi—10(z1 — 22)d(22 — w)
F (Gim1mr(r+ 1) + 0im1<ri = 92) s afsy o (22)ai_y 1 (22) : (22 — w) Dz, 6(21 — 22)
- (’72 —(r+1)disri2 — 5i,T+2)az—17i—1(Zl)af—l,i(z2)6(z2 —w)0:,0(21 — 22)

T

+2(° = (r+ Disra1 + §5i,r+2)af_1,¢_1(Zl)af_1,¢_1(Zz)af,i(z2)5(z2 —w)05,0(21 — 22)

35
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(i —2)di—2<, a;‘ki(z2)a;k—1,i—1(Zl)a;—l,i—l(22)5(Z2 —w)0:,6(21 — 22)
— (Z + 2)§i—1§r : aii(ZQ)ai—l,i—l(Zl)ai—l,i—l(z2) : 5(2'2 - w)azz(;(zl - 22)
+ (0 = 2)0i—a<r a5y 1(21)ai 1 i(22) - 0(22 — )0, 6(21 — 22)
+20i-1<r 1 aj_q ;_1(21)ai_q i (22) : 0(2z2 — w)0.,6(21 — 22)
- (72 — im1<rt — Oi—1>r (r+ 1)) a;_ 1,i—1 (21)a;_ 1,i— 1(21)af;(22) 1 0(22 — w)Dy (21 — w)
+(72— i—1<ri — 6i—15p(r + 1)) af _1.4(21)0wai_y ;1 (0)d(21 — 22)0(22 — w)
( i—1>r(r +1) +0im1<pi — 2) ai; Ai_1,i— 1(22)ai_4 i 1(22) 1 6(22 — w)0,,0(21 — 22)
+ (Sic1sr(r+ 1) 4+ 8im1<i—9%) 1 a ifl,ifl(ZQ) i-1,i(22) 1 0(22 — w)0;,0(21 — 22)
(- (r+ 1) i>r+2 = Oir42)a;_q ;—1(21)a;_1 ;(22)0(22 — )02, 6(21 — 22)
2077 = (4 Vit + 50i042)a_y o (20l i (22)a] 1(22)0(22 — w)D2,0(21 — 22)

—(i— 2)52'—29 : a?i(z2)a;'k—1,i—1(Zl)a;—l,i—l(2'2)5(22 —w)0,,0(21 — 22)
— (Z + 2)51'719 : aii(z2)aif1,i71(21)%71,171(22) : 5(2'2 - w)822§(z1 - 22)
- (72 —0i—1<rt = Gi—15p(r + 1)) : af_17i_1(z1)af_1 i—1(21)ag;(22) 1 6(22 — w)0yd(21 — w)
+2(7% = (r + 1)disrp1 + 252}7’4»2)0‘;:1,1'71(21)0’1 1im1(22)ai (22)0(22 — w)02,6(21 — 22)
+ (5i71>r(7” +1) + 5i 1<rt — 72) : a:i(z2)af71,i71(22)%71,1'71(2’2) 16(22 —w)05,0(21 — 22)
+ (i = 2)bi2<r 0711 (21) a7 4(22) 1 6(22 — w) D2, 6(21 — 22)
+ (Gimisr(r + 1)+ 8ic1<pi — 72) 1 af_1 ;1 (22)a]_y ;(22) 1 6(22 — )02, 0(21 — 22)
+20ic1<r s ai 11 (21)ai 4 (22) 1 6(22 — w)0:,0(21 — 22)
— (V¥ = (r+ Vdisri2 — Gipra)a;_y ;1 (21)a;_ ;(22)8(22 — w)Da,0(21 — 22)
+ (72 = bici<rt = Gim1sr (1)) af_y 1(21)Owai_y ;g (w)0(21 — 22)0(22 — w)

— (¥ = bicizri = Sicasr (P 4+ 1)) tar_ i1 (21)a)_y 1 (21)a(22) 1 0(22 — w)0w6(21 — w)
209 = (r+ Disrp1 — ibi<rs1)a;_y ;1 (21)ai_1 ;1 (22)a) ;(22)0(22 — w)D,0(21 — 22)
+ (5i 1501+ 1)+ 0 1<0i — 72) caj(z2)ai_1 ;i 1(22)a i71,i71(z2> 10(22 — w)05,0(21 — 22)

(Z 15r(r+ 1) + 0i1<ri — 2) a;_ 1,i—1 (22)a;_ “(2'2):5(22711))8215(21—22)
(’72_ i— 1<7‘Z z 1>r ’I"—f—l )a/;k 1,i— a;_ lz( 2)(5(2’2 w)az2(5(21—22>

+(’)’2* i— 1<TZ di— 1>’I” 7‘+1 )a;k 1,4 Zl a az 1,i— 1( )5(21722)6(227,“})'
=0

7. CONCLUDING REMARKS

We gave a realization of the intermediate Wakimoto module for 5A[(n+ 1,C). We list below related

problems and planned future work:



[BF90]
[BS83]
[CMO1]
[Cox94]

[Cox04]
[CP87]

[FF88]
[FF90a]
[FF90b)]
[FS93]
[Fut94]
[Hua98]

[JK85]

[Kac98]
[MN99]
[Vor99]

[Waks6)

INTERMEDIATE WAKIMOTO MODULES FOR AFFINE si(n + 1,C) 37

We believe that generically Verma type modules and intermediate Wakimoto modules are
isomorphic. Preliminary calculations using (6.1) above give a proof of this for sl(n + 1,C)
when r = n — 1. This should be explored further.

Verma type modules have a complicated structure when the center ¢ acts by zero (see for
example [Fut94]). The realization above given in Theorem 3.1 yields information about the
structure of these modules at least in the case of g[(?, C). These calculations are inspired by
work done in [FF90b] when ¢ = —h is at the singular hyperplane.

A similar realization must exist for all Verma type modules over sl(n+1,C) and other affine
Lie algebras. It would be of interest to us, if one could give a characterization and proof of

the existence of intermediate Wakimoto modules using semi-infinite flag manifolds and their
cohomology (see [FF90a] and [Vor99]).
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