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Examination in Math 502 Advanced Linear Algebra, 2007-10-30

1. Define two linear maps ¢ : R2 — R* and ¢ : R* — R? by
o', x) = (B3x' —2x% 2x! — X x X7

(€, €2,6%,6%) = (=€ + 262 - &, -2+ 26° — &),
a) What is the kernel of ¢?

(x!,x?) € kero = (0,0,0,0) = o(x", x*) = Bx" —2x°*,2x" — x* x',x?)
= (x".x%) = (0,0).
Hence ker ¢ = {(0,0)}.
b) Is ¢ surjective?
Sln: Lets show that it is surjective. Observe that
’(/}(_17 Oa 0) O) = (17 0) =€
¥(0,0,0,—1) = (0,1) = es.
Hence e, e, € im v, which implies that R? = im v so that v is surjective.
¢) What is a basis for the kernel of ¢?
Sln:
(e, 62,65, 6N = (61 + 262 - €, € +26° — ¢%) = (0,0)
— 2 -, =28t ¢t
=l =2(28% —¢Y) - =37 —2¢t, =28 -¢"
= (§I’§2a€3554) = (353 - 2547255 - §4a§3a€4) (1)
= (¢,6%,6°,6) =€°(3,2,1,0) + £(-2,-1,0,1)
= (¢1,6%,6°.¢") €((3,2,1,0),(-2,-1,0,1)).
Hence kervy C ((3,2,1,0),(—2,-1,0,1)). Since
¥(3,2,1,0) = (—3+2-2—1, —242-1) = (0,0,0,0) = (—2+42-140, —142-0+1) = ¢»(—2,-1,0,1)
we get that
Y(A1(3,2,1,0) + A2(—2,-1,0,1)) = (0,0).

Hence ker+y D ((3,2,1,0),(—2,-1,0,1)). From (1) note that (3,2,1,0),(—2,-1,0,1) are
linearly independent and hence form a basis for ker .

d) TIs the following sequence exact? Explain why or why not.

0 R2 % , Rt ¥, R2 0.

It is exact at R? by part a) and b. Note that by part c)

im¢ = {a(x". x*) = {Bx" —2x%.2x" — 2. x". %) | ¥, x* € R}
={x'(3,2,1,0) + x*(-2,-1,0,1), | x*,x* € R}
= <(37 2’ 170)7 (_27 _1707 1)> = ker/lp'
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Examination in Math 502 Advanced Linear Algebra, 2007-10-30

2. Define B : R? x R? —» R, by
B((x", x?), (€4,€%) :==2x"¢" — X&' — X' +2)2¢7

a) Show B is bilinear.
Proof;

BA(xis x3) + A2(x3,x3), (€1,6%) = B((Aix1 + Aaxzs Mixd + Aax3), (€1,€%))
=2(Ax1 + Aox2)€ — (Axd + Aax3)é
— (A1x1 4 A2x2)€% + 2(hxi + Aax3)E?
= 22X 18" 4 2Aax58" — MxGEh — Aaxzg!
— AXEE? = Daxd€? 4 200032 + 22032
= MB((x1,X7), (€1,6%) + X B((x3, X3), (€1, €%))

Note that B((x!,x?), (€},£2)) = B((£4,£?), (x}, x?)) so that knowing that B is linear in the
first entry, means that it is also linear in the second.

b) Is B non-degenerate?
Yes it is non-degenerate: For fixed (x!,x?) € R?,

0=B((x',x*), (€,€%) == 2x'¢" —x*¢' —x'& + 2%

for all £1,£2 € R, we have in particular
0=B((x',x?),(1,0)) == 2x" — x*
and
0=B((x"x*),(0,1)) := —x"' +2x".

This means that x? = 2x! = 2(2x?) = 4x2. Hence x! = x? = 0. Similarly if for fixed
(€1,€2), we have

0=B((x" x*), (€,€%) = 2x"¢" = x*¢" — X' +2x%¢?

for all ¢1,¢2 € R, then since B((x!, x?), (€, €2)) = B((¢4,€?), (x*, x?)) we use the previous
calculation to see that (£1,£2) = (0,0).
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3. Let V and W over T and let C(V x W) denote the free vector space on the set V' x W with
canonical inclusion vy xw : V x W — C(V x W) given by tyxw (v, w) := 0(, ). Consider
the subspace B spanned by elements of the form

S(vviw) = O(v,w) — O(v/,w) (2)
O(vwrw') ~ O(v,w) = O(v,w) (3)
ad(v,w) = Oav,w) (4)
d(av,w) ~ O(v,aw) (5)

forael,v,veV,and w,w € W.

The quotient space C(V x W)/B is be denoted by V @ W and is called the tensor product tensor

of V- and W. The equivalence class of an element (v w) in V ® W is denoted by v ® w. product

In other words v @ w = 6y + B. Let 7 : V x W — V @ W denote the inclusion ty yw T

followed by the canonical projection so that (v, w) — v®@w. Show that ifb: VxW — U is Vxw Vew
a bilinear map, then there exists a unique linear map B : V ® W — U satisfying Bom = b.
In other words the diagram below is commutative: B
b
Sln: Now by the universal mapping property of C(V' x W) there exists a unique linear map
B:C(V x W) — U satisfying B oiyxw = b. Since b is bilinear we get U
B(a(v—&-v’,w) - 5(V,W) - 5(V’,w)) = B((S(v+v’,w)) - B 5(v,w)) - B((s(v',w))
=b(v+v,w)—bv,w)—b(v,w) =0,
_ (v ¥ w) = by, w) — b, w) VW e
B(é(v,w+w’) — 6(v,w) — 6(v,w’)) = B(é(v’w+w/)) — B<5(v,w)) — B((S(V’w/))
=b(v,w+w)—b(v,w)—b(v,w') =0, B
B(a(;(v,w) - CL(g(v,w)) = B(aa(v,w)) - B(é(av,w)) b B
=b(a(v,w)) —b(av, w)) =0,
B(a(s(v,w) - 6(v,aw)) = B(aé(v,w)) - B((s(v,aw)) U

[
S

(av,w) —b(v,aw) = 0.

Since elements in (2), (3), (4) and (5) form a spanning set for B, have B(B) = 0. If we let
T:C(VxW) - VW =C(V x W)/B denote the canonical projection, then by the First
Isomorphism Theorem there exists a unique linear map B : V@ W — U such that Bo 7 = B.
Since T = T o Ly ww, we get Bom = BoTotyxw = Boutyxw = b..

Note that since {d(v,w) |V € V, w € W} spans C(V x W), their image {vew|veV,we W}
span V @ W. Observe also that forany veV, vR0=v®0-w=0-(v®w)=0. Moreover

v+v)iow=(veaw)+ (v eaw)
vea(w+w)=vaw+vew
a(veaw)=(av)@w=v QR (aw)
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4. The space Ef := R? and E} := R? are dual space to E = R? under the pairing
(X)), (€56 = 2x ¢ — X2 — X1 +2x°¢°
and
(X X®), (€5,6%))2 = x 1€+ X2¢%.
Determine the linear mapping ¢ : Ef — E3 such that
<¢(X1?X2)7(§1a§2)>1 = <(X15X2)7(£17§2)>2 (6)
Sln: We first write

p(e1) = aer +cez, P(ez) = bey + dey
where a,b,c,d € R are to be determined. We plug the above into the equation (6) to get

1= (e, e1)2 = (g(e1),e1):
= (ae; + ces,e1)1

=2a—c

0= (e1,e2)2 = (p(e1),e1)1
= (aey + ces, ea)
=—a+2c
soc=1/3, a=2/3,

1= (e2,e2)2 = (p(e2),e2)1
= (be; + des, e2)1
— b+2d

0= (ez,e1)2 = (#(ez),e1)1
= (be; + dey,e1);

=2b—d

sod=2/3, b=1/3.

Page 5 of 6



Examination in Math 502 Advanced Linear Algebra, 2007-10-30

5. Let a < b be two real numbers and let ¢, ...,%, be n distinct real numbers in this interval.

a) Show that the assignment [
b

p(t)— [ p(t)dt

t=a
is a linear functional from the space of all polynomials of degree less than n with real
coefficients, to R.

b) Show that the assignment I for fixed 1 < k < n, given by

lk(p(t)) = p(tk)

is a linear functional from the space of all polynomials of degree less than n with real
coefficients, to R.

¢) Show that ly,...,1, are linearly independent.

d) Show that there exists fixed real numbers my, ..., m, such that

b
/ti p(t)dt = mip(t1) + - +mpp(t,)

for all polynomials p(t) of degree less than n.

Proof: (From Lax’s text on Linear Algebra). Let P, denote the space of all polynomials of degree
less than n with real coefficients. Then [ : P, — R and I : P, — R. For parts a) and b) want to
show that [,1; € L(P,).

a) and b): From Calculus we know that for any A, € R and p(t), ¢(t) € P,

b
I(Ap(t) +vq(t / Ap(t) +vq(t) dt = A/ dt+7/ﬁ q(t)dt = N(p(t)) +~vl(q(t)).
Moreover
L (Ap(t) +vq(t)) = Ap(tr) +va(tr)) = Me(p(t)) + vk (q()).

Hence [,14,...,1, are linearly functionals.
c¢). We need to show that if for some A\, € R

0=> Xelk,
k=1
then \; = 0 for all k. For this we define polynomials
pi(t) =[]t - ta).
J#k
Then p;(tx) = 01if j # k and p;(¢;) # 0 as ¢ty # t; for all j # k.

Now we get

0= Z)\klk p;(t Z)\k pj(tk)) = Ajp;(t;)

k=1

so that A; = 0. This proves that the [; are linearly independent.
d). Since dim L(P,) = dim P,, = n we must have that l;,...,l, form a basis of L(P,). This
means that there exist real numbers my, ..., m, such that

l:mlll—i-—l—mnln
Thus there exist real numbers mq,...,m, such that
b
/ p(t) dt = mlp(tl) +e mnp(tn)
t=a

for all p(t) € P,.
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