
Math 502: Advanced Linear Algebra.

2. Linear Mappings: Exercises.

§5: 2.

v∗ ∈ (E1 + E2)
⊥ ⇐⇒ 〈v∗,w〉 = 0 for all w ∈ E1 + E2

by the definition of ( )⊥

=⇒ 〈v∗,u1〉 = 0 = 〈v∗,u2〉 for all u1 ∈ E1 and u2 ∈ E2

as Ei ⊂ E1 + E2 = {u1 + u2 |ui ∈ Ei, i = 1, 2}

=⇒ v∗ ∈ E⊥
1 ∩ E⊥

2

by the definition of ( )⊥

This proves that (E1 + E2)
⊥ ⊂ E⊥

1 ∩ E⊥
2 .

v∗ ∈ E⊥
1 ∩ E⊥

2 ⇐⇒ 〈v∗,u1〉 = 0 = 〈v∗,u2〉 for all u1 ∈ E1 and u2 ∈ E2

=⇒ 〈v∗,w〉 = 0 for all w ∈ E1 + E2

as E1 + E2 := {u1 + u2 |ui ∈ Ei, i = 1, 2}
and 〈v∗,u1 + u2〉 = 〈v∗,u1〉+ 〈v∗,u2〉 = 0

=⇒ v∗ ∈ (E1 + E2)
⊥.

This proves that (E1 + E2)
⊥ ⊃ E⊥

1 ∩ E⊥
2 .

§6: 1.

(E1 + E2)
⊥ = (E⊥⊥

1 + E⊥⊥
2 )⊥ by Prop. IV, section 5

= (E⊥⊥
1 )⊥ ∩ (E⊥⊥

2 )⊥ by Problem 2, section 5

= E⊥
1 ∩ E⊥

2 by Prop. V, section 5

4.

〈x∗1 +

nX
ν=2

λνx
∗ν ,x1〉 = 〈x∗1,x1〉+

nX
ν=2

λν〈x∗ν ,x1〉 = 1

〈x∗1 +

nX
ν=2

λνx
∗ν ,xk − λkx1〉 = −λk〈x∗1,x1〉+

nX
ν=2

λν〈x∗ν ,xk〉

= −λk + λk = 0 for 2 ≤ k ≤ n.

Moreover for 2 ≤ ν ≤ n,

〈x∗ν ,x1〉 = 0,

〈x∗ν ,xk − λkx1〉 = 〈x∗ν ,xk〉 = δν,k.
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