MATH 502: ADVANCED LINEAR ALGEBRA.

1. LINEAR MAPPINGS

2.4. Direct Sums of Vector Spaces.
1. We show that
ker¢ = E1 © Ey := {(v,—v)|v € E1 N E>}.
(v,w) €ker¢p = 0=¢(v,w) =v+w
—v=—wecE Nk asvekFE and w € Es.
Thus ker ¢ C E1 © Ex = {(v,—V)|v € E1 N Ez}.

(v,zw)€EE10FE, ={(v,—V)|[vEEINE} —=w=—-Vv
= ¢(v,w)=v+w=v—-v=0
= (v,w) € ker ¢
This proves the other equality.

Now ¢ is an isomorphism if and only if ker ¢ = 0. But then if v € E; N Es, then
(v,—v) € ker¢ = 0 by the above. Hence v = 0. This proves E1 N E; = {0}. If on
the other hand FEq N E2 = {0}, then ker¢ = 0 by the above equality of sets. Since
FE1 + E2 =im ¢ it is clear then that ¢ must be an isomorphism.

4. Suppose 7 is a projection of E. Then 7? = mom = 7. Set w = 27 — ¢ where ¢ is the
identity map on E. Then
W=@2r—1)o(2r—1) =4r> —2mor—om+ .15 =1
as 7> = 7 and +? = . Since 7 and ¢ are linear so is w. From the above calculation w
must then be an involution.

Now suppose ) is an involution defined on E. Set II = 1(Q + ¢) where ¢ is the

identity map on E. Then

n2:E(Qﬂ)o(gﬂ):i(sfﬂosngowﬂ):i(mwb):n,

as Lo =Qor=. Hence Il is a projection operator.
7. This can be proved in more than one way. We plan to use Proposition I in §4.
Define functions ¢ : {0 |a € X} - C(X UY) and ¢2 : {0y |b € Y} by

¢1(5a):5a, ¢2(5b):5b7 Van,bEY.

Then by problem 5(i) in §2, we get linear maps é1: C(X) — C(XUY) and ¢2 :
C(Y) - C(X UY) satisfying ¢1|x = ¢x and ¢1]|y = ¢y. Similarly there exist linear
maps 71 : C(XUY) — C(X) and 72 : C(X UY) — C(Y) satisfying
0a if 2 = X 1 ifz=bey
m(6:) = AR TCOEE SO
0 otherwise 0  otherwise
Now we check
T161(6a) = 00, T202(8) =0, a€ X,beY.
T162(0) =0, 7201(6a) =0, a€ X,beY.
and
o T ($171)(62) ifz=aeX
+ 5.) =< _
(Gr 62 )(02) {(¢27r2)(5z) ife=bey
g
By Proposition I, we must have C(X) @ C(Y) 2 C(XUY).



