
Math 502: Advanced Linear Algebra.

1. Vector Spaces

1.2. Linear mappings: Exercises.

5. (i). Recall the space C(X) has as a basis {δa}a∈X , as was shown in class (or see the
text for fa which we call δa) and the function iX : X → C(X) was defined by
iX(a) = δa. Let φ0 : {δa} → F be defined by φ0(δa) = f(a) for all a ∈ X. Then
by Proposition II in the text (with E := C(X)) there exists a unique linear map

φ : C(X) → F satisfying φ
˛̨̨
{δa}a∈X

= φ0. In other words there is a unique linear

map φ : C(X) → F satisfying

φ(iX(a)) = φ(δa) by the def. of iX

= φ0(δa) as φ
˛̨̨
{δa}a∈X

= φ0

= f(a) by def. of φ0,

for all a ∈ X. Hence there exists a unique linear map φ : C(X) → F satisfying
φ ◦ iX = f . This means that the diagram commutes.

(ii). Let C(Y ) = F and f = iY ◦ α : X → C(Y ) in part (i). Then there exists
a unique linear map α∗ : C(X) → C(Y ) satisfying α∗ ◦ iX = f = iY ◦ α. If
β : Y → Z is another function, then we get again by part (i), a (unique) linear
map β∗ : C(Y ) → C(Z) satisfying β∗ ◦ iY = iZ ◦ β. Putting these two together
we have

(1) β∗ ◦ α∗ ◦ iX = β∗ ◦ iY ◦ α = iZ ◦ β ◦ α.

On the other hand, again by part (i), there exists a unique linear map (α ◦ β)∗ :
C(X) → C(Z) satisfying (α ◦ β)∗ ◦ iX = iZ ◦ (β ◦ α). Now as compositions of
linear maps are linear, we get that β∗ ◦ α∗ : C(X) → C(Z) is linear and since
β∗ ◦ α∗ satisfies equation (1), we must have by uniqueness (of (α ◦ β)∗) that

(α ◦ β)∗ = β∗ ◦ α∗.

(iii). Now iE : E → C(E) is given by iE(v) = δv for all v ∈ E. Using f = ι the identity
on E, we get from part (i) that there exists a unique linear map πE : C(E) → E
satisfying πE ◦ iE = ι.

(iv). Assume that φ : E → F is linear. First observe that for all v ∈ E, one has

πF (φ∗(δv)) = (πF ◦ φ∗)(δv) = πF (φ∗(iE(v))) by def. of iE

= πF (iF (φ(v))) by (ii),

= ι(φ(v)) by (iii),

= φ(v) as ι is the identity map,

= φ(πE(ιE(v))) by (iii),

= φ(πE(δv)) by the def. of iE .

Now φ is linear by hypothesis, and πE , πF and φ∗ are linear by parts (iii) and (ii)
respectively. As a consequence the compositions φ◦πE and πF ◦φ∗ are linear (see
§1.10). The above calculation shows that the two linear maps agree on the basis
{δv}. Then by the uniqueness property of either Proposition I or Proposition II,
we see that φ ◦ πE = πF ◦ φ∗.
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Now suppose that φ ◦ πE = πF ◦ φ∗ and we want to show that φ is linear. This
follows from the following calculation for λv ∈ Γ:

φ(
X
v∈E

λvv) = φ

 X
v∈E

λvπE ◦ iE(v)

!
as πE ◦ iE = ι by (iii)

= φ

 X
v∈E

λvπE(δv)

!
by def. of iE

= φ

 
πE

 X
v∈E

λvδv

!!
as πE is linear by (iii),

= (πF ◦ φ∗)

 X
v∈E

λvδv

!
by hypothesis

=
X
v∈E

λv(πF ◦ φ∗) (δv) as πF ◦ φ∗ is linear

=
X
v∈E

λv(φ ◦ πE) (δv) by hypothesis

=
X
v∈E

λv(φ ◦ πE) (iE(v)) by def. of iE

=
X
v∈E

λvφ(v) as πE ◦ iE = ι by (iii)

(v). Let us show that the generators of N(E) are in ker πE :

πE(δλa+µb − λδa − µδb) = πE(δλa+µb)− λπE(δa)− µπE(δb) as πE is linear by (iii)

= πE(iE(λa + µb))− λπE(iE(a))− µπE(iE(b)) by the def. of iE

= λa + µb− λa− µb as πE ◦ iE = ι

= 0.

Since the generators of N(E) are in ker πE , we get that any linear combination
of the

δλa+µb − λδa − µδb

are in ker πE . Since N(E) is generated these elements we get N(E) ⊂ ker πE .
On the other hand suppose

P
a∈E λaδa ∈ ker πE . Observe that δ0 ∈ N(E) by

taking λ = 0 = µ in generators above and that by induction elements of the formX
i=0n

λiδai − δPn
i=0 λiai

are in N(E) for λi ∈ Γ and ai ∈ E. Then

0 = πE

 X
a∈E

λaδa

!
by hypothesis and def. of ker φE

=
X
a∈E

λaπEiE(a) as πE is linear and by the def. of iE

=
X
a∈E

λaa as πE ◦ iE = ι from (iii)

Now since 0 =
P

a∈E λaaX
a∈E

λaδa =
X
a∈E

λaδa − δP
a∈E λaa + δ0 ∈ N(E)
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as the difference of the first two summands is in N(E) and so is δ0.

1.3. Subspaces and Factor Spaces: Exercises.

1. a) This is a subspace. Indeed let

Fa := {(ξ1, ξ2, ξ3) | ξi ∈ Γ, ξ1 = ξ2 = ξ3}.

Then

v,w ∈ Fa =⇒ v = (ξ1, ξ2, ξ3), and w = (χ1, χ2, χ3)

for some ξi, χj ∈ Γ, ξ1 = ξ2 = ξ3, χ1 = χ2 = χ3

=⇒ v + w = (ξ1 + χ1, ξ2 + χ2, ξ3 + χ3), with ξ1 + χ1 = ξ2 + χ2 = ξ3 + χ3

=⇒ v + w ∈ Fa.

Similarly

v ∈ Fa, λ ∈ Γ =⇒ v = (ξ1, ξ2, ξ3),

for some ξi ∈ Γ, ξ1 = ξ2 = ξ3,

=⇒ λ · v = (λξ1, λξ2, λξ3), with λξ1 = λξ2 = λξ3

=⇒ λv ∈ Fa.

c) This is a subspace. Indeed let

Fc := {(ξ1, ξ2, ξ3) | ξi ∈ Γ, ξ1 = ξ2 − ξ3}.

Then

v,w ∈ Fc =⇒ v = (ξ1, ξ2, ξ3), and w = (χ1, χ2, χ3)

for some ξi, χj ∈ Γ, ξ1 = ξ2 − ξ3, χ1 = χ2 − χ3

=⇒ v + w = (ξ1 + χ1, ξ2 + χ2, ξ3 + χ3), with ξ1 + χ1 = ξ2 + χ2 − (ξ3 + χ3)

=⇒ v + w ∈ Fc.

Similarly

v ∈ Fc, λ ∈ Γ =⇒ v = (ξ1, ξ2, ξ3),

for some ξi ∈ Γ, ξ1 = ξ2 − ξ3,

=⇒ λ · v = (λξ1, λξ2, λξ3), with λξ1 = λ(ξ2 − ξ3) = λξ2 − λξ3

=⇒ λv ∈ Fc.

Hence it is a subspace.
d) This is not a subspace. Indeed let

Sd := {(ξ1, ξ2, ξ3) | ξi ∈ Γ, ξ1 = 1}.

then (1, 0, 0) ∈ Sd, but (1, 0, 0) + (1, 0, 0) = (2, 0, 0) 6∈ Sd.
3. a) The subspace

Fa := {(ξ1, ξ2, ξ3) | ξi ∈ Γ, ξ1 = ξ2 = ξ3}.

has as a basis Ba = {(1, 1, 1)}. Indeed if

v ∈ Fa =⇒ v = (ξ1, ξ2, ξ3)

for some ξi ∈ Γ, with ξ1 = ξ2 = ξ3

=⇒ v = (ξ1, ξ2, ξ3) = ξ1(1, 1, 1).

(so (1, 1, 1) spans Fa) and

(0, 0, 0) = λ(1, 1, 1) = (λ, λ, λ) for some λ ∈ Γ =⇒ λ = 0,
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(so (1, 1, 1) is linearly independent). To find a basis of the quotient space we need
to enlarge Ba by adding two addition vectors to form a basis of Γ3. For such vectors
one might take e1 = (1, 0, 0), e2 = (0, 1, 0) (there are infinitely many other pairs of
vectors that will also work). We need to show that Ba ∪ {e1, e2} forms a basis of
Γ3. Indeed

v ∈ Γ3 =⇒ v = (ξ1, ξ2, ξ3) for some ξi,

=⇒ v = (ξ1, ξ2, ξ3) = ξ1e1 + ξ2e2 + ξ3e3 = ξ1e1 + ξ2e2 + ξ3((1, 1, 1)− e1 − e2)

= (ξ1 − ξ3)e1 + (ξ2 − ξ3)e2 + ξ3(1, 1, 1)

(so Ba ∪ {e1, e2} spans Γ3) and

(0, 0, 0) = λ1e1 + λ2e2 + λ3(1, 1, 1) for some λi ∈ Γ

= (λ1 + λ3, λ2 + λ3, λ3)

=⇒ λ1 + λ3 = λ2 + λ3 = λ3 = 0

=⇒ λ1 = λ2 = λ3 = 0

(so Ba∪{e1, e2} consists of linearly independent vectors). If we let πa : Γ3 → Γ3/Fa

be the canonical projection, then {πa(e1), πa(e2)} is a basis of the quotient space.
c) Fc has basis Bc = {(1, 1, 0), (−1, 0, 1)} (it has infinitely many other pairs of basis

elements so you may have come up with a different pair). Indeed

v ∈ Fc =⇒ v = (ξ1, ξ2, ξ3) with ξ1 = ξ2 − ξ3,

=⇒ v = (ξ1, ξ2, ξ3) = (ξ2 − ξ3, ξ2, ξ3) = (ξ2, ξ2, 0) + (−ξ3, 0, ξ3)

= ξ2(1, 1, 0) + ξ3(−1, 0, 1).

This proves that Bc spans Fc. Now

(0, 0, 0) = λ2(1, 1, 0) + λ3(−1, 0, 1) for some λi ∈ Γ

=⇒ (0, 0, 0) = λ2(1, 1, 0) + λ3(−1, 0, 1) = (λ2 − λ3, λ2, λ3)

=⇒ λ2 = 0 = λ3.

Hence Bc consists of linearly independent vectors. Then Bc is a basis for Fc. To find
a basis of the quotient space we need to enlarge Bc by adding an addition vector
to form a basis of Γ3. For such a vector one might take e1 = (1, 0, 0). We need to
show that Bc ∪ {e1} forms a basis of Γ3. Indeed

v ∈ Γ3 =⇒ v = (ξ1, ξ2, ξ3) for some ξi,

=⇒ v = (ξ1, ξ2, ξ3) = ξ1e1 + ξ2e2 + ξ3e3 = ξ1e1 + ξ2((1, 1, 0)− e1) + ξ3((−1, 0, 1) + e1)

= (ξ1 − ξ2 + ξ3)e1 + ξ2(1, 1, 0) + ξ3(−1, 0, 1)

(so Bc ∪ {e1} spans Γ3) and

(0, 0, 0) = λ1e1 + λ2(1, 1, 0) + λ3(−1, 0, 1) for some λi ∈ Γ

= (λ1 + λ2 − λ3, λ2, λ3)

=⇒ λ1 − λ2 + λ3 = λ2 = λ3 = 0

=⇒ λ1 = λ2 = λ3 = 0

(so Bc ∪ {e1} consists of linearly independent vectors). If we let πc : Γ3 → Γ3/Fc

be the canonical projection, then {πc(e1)} is a basis of the quotient space.
d) The subspace generated by Sd is

Fd := {(ξ1, ξ2, ξ3) | ξi ∈ Γ} = Γ3.
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Indeed e1 ∈ Fd and so are the standard basis vectors

e2 = (1, 1, 0)− e1 ∈ Fd, e3 = (1, 1, 1)− e1 − e2 ∈ Fd

as any linear combination of elements in Fd are in Fd (this follows from the definition
of the subspace generated by a set). Hence any vector (ξ1, ξ3, ξ3) = ξ1e1+ξ2e2+ξ3e3

is in Fd. Now the quotient space is Γ3/Fd = 0.
5. a)

v ∈ Γ3 =⇒ v = (ξ1, ξ2, ξ3) for some ξi,

=⇒ v = (ξ1, ξ2, ξ3) = ξ1e1 + ξ2e2 + ξ3e3 = ξ1e1 + ξ2e2 + ξ3((1, 1, 1)− e1 − e2)

= (ξ1 − ξ3)e1 + (ξ2 − ξ3)e2 + ξ3(1, 1, 1)

so that v ∈ Fb + Fa = Fa + Fb.
b)

v ∈ Γ3 =⇒ v = (ξ1, ξ2, ξ3) for some ξi,

=⇒ v = (ξ1, ξ2, ξ3) = ξ1e1 + ξ2e2 + ξ3e3 = ξ1e1 + ξ2((1, 1, 0)− e1) + ξ3((−1, 0, 1) + e1)

= (ξ1 − ξ2 + ξ3)e1 + ξ2(1, 1, 0) + ξ3(−1, 0, 1)

so that v ∈ Fb + Fc.

v ∈ Γ3 =⇒ v = (ξ1, ξ2, ξ3) for some ξi,

=⇒ v = (ξ1, ξ2, ξ3) = ξ1e1 + ξ2e2 + ξ3e3 = ξ1e1 + ξ2((1, 1, 0)− e1) + ξ3((−1, 0, 1) + e1)

= (ξ1 − ξ2 + ξ3)e1 + ξ2(1, 1, 0) + ξ3(−1, 0, 1)

= (ξ1 − ξ2 + ξ3)(−(1, 1, 0)− (−1, 0, 1) + (1, 1, 1)) + ξ2(1, 1, 0) + ξ3(−1, 0, 1)

= (ξ1 − ξ2 + ξ3)(1, 1, 1) + (−ξ1 + 2ξ2 − ξ3)(1, 1, 0) + (−ξ1 + ξ2)(−1, 0, 1)

so that v ∈ Fa + Fc.
Now if v = (ξ1, ξ2, ξ3) ∈ Fa ∩ Fb, then ξ1 = ξ2 = ξ3 = 0. Thus Fa ∩ Fb = {0}.

Hence Fa ⊕ Fb = Γ3.
If v = (ξ1, ξ2, ξ3) ∈ Fb ∩ Fc, then ξ1 = ξ2 − ξ3 and ξ3 = 0. Hence a vector like

(1, 1, 0) ∈ Fb ∩ Fc. In fact such a vector forms a basis of Fb ∩ Fc as it spans Fb ∩ Fc:

v = (ξ1, ξ2, ξ3) ∈ Fb ∩ Fc with ξ1 = ξ2 − ξ3, ξ3 = 0

=⇒ ξ1 = ξ2 and v = (ξ1, ξ2, 0) = ξ1(1, 1, 0).

Thus Fb + Fc is not a direct sum.
If v = (ξ1, ξ2, ξ3) ∈ Fa ∩ Fc, then ξ1 = ξ2 = ξ3 and ξ1 = ξ2 − ξ3, so that ξ1 = ξ2 =

ξ3 = 0. Thus Fa ∩ Fc = {0}. Hence Fa ⊕ Fc = Γ3.
10. We need to show that E+ + E− = E and E+ ∩E1 = 0. We have that if v ∈ E− ∩E+,

then −v = ω(v) as v ∈ E− and v = ω(v) as v ∈ E+. Hence v = −v and thus 2v = 0.
Since 2 is invertible in any field of characteristic zero we can multiply through by 1/2
to get v = 0. Hence E+ ∩ E1 = 0.

Let u ∈ E be an arbitrary element. Then

(2) u =
u + ω(u)

2
+

u− ω(u)

2

where

ω

„
u + ω(u)

2

«
=

ω(u) + ω2(u)

2
=

u + ω(u)

2

and

ω

„
u− ω(u)

2

«
=

ω(u)− ω2(u)

2
= −u− ω(u)

2
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as ω2 = I. Hence
u + ω(u)

2
∈ E+,

u− ω(u)

2
∈ E−.

Then equation (2) tells us that E = E− + E+.
12. Take any distinct two lines E1, E2 and a plane E3 not containing the two lines. This

should give us Ei ∩ Ej = 0 and E1 + E2 + E3 = Γ3, but Ei ∩ (Ej + Ek) 6= {0}
for certain i, j, k distinct. For example take E1 = Γ(1, 0, 0) = {(γ, 0, 0) |, γ ∈ Γ},
E2 = Γ(1, 1, 0) = {(γ, γ, 0) |, γ ∈ Γ} and E3 = {(0, ξ2, ξ3) | ξi ∈ Γ}. It is straightforward
to see that E1∩E2 = {0}, E1∩E3 = {0} and E2∩E3 = {0}. Note E1∩(E2+E3) 6= {0}
as (1, 0, 0) = (1, 1, 0)− (0, 1, 0) ∈ E1 ∩ (E2 + E3). Moreover

ei ∈ E1 + E2 + E3, i = 1, 2, 3,

so that Γ3 = E1 + E2 + E3 as e1, e2, e3 span Γ3.


