MATH 502: ADVANCED LINEAR ALGEBRA.

1. VECTOR SPACES

1.2. Linear mappings: Exercises.

5.

(i)

Recall the space C'(X) has as a basis {0q }acx, as was shown in class (or see the
text for f, which we call d,) and the function ix : X — C(X) was defined by
ix(a) = dq. Let ¢o : {0} — F be defined by ¢o(da) = f(a) for all @ € X. Then
by Proposition II in the text (with E := C(X)) there exists a unique linear map
¢ : C(X) — F satisfying gb‘ = ¢¢. In other words there is a unique linear

Sataex

map ¢ : C(X) — F satisfying
d(ix(a)) = ¢(da) by the def. of ix
B P
= f(a) Dby def. of ¢y,

for all a € X. Hence there exists a unique linear map ¢ : C'(X) — F satisfying
¢ oix = f. This means that the diagram commutes.

.Let C(Y) = Fand f =iyoa: X — C(Y) in part (i). Then there exists

a unique linear map a. : C(X) — C(Y) satisfying ax oix = f = iy oa. If
B :Y — Z is another function, then we get again by part (i), a (unique) linear
map S« : C(Y) — C(Z) satisfying B« o iy = iz o 3. Putting these two together
we have

Broasoix = B«0iyoa=1izofoa.

On the other hand, again by part (i), there exists a unique linear map (oo ). :
C(X) — C(Z) satistying (o B)« 0ix = iz o (8 oa). Now as compositions of
linear maps are linear, we get that 8. o as : C(X) — C(Z) is linear and since
B« o au, satisfies equation (1), we must have by uniqueness (of (« o 3).) that

(o fB)s = Bs 0 .

Now ig : E — C(E)isgiven by ig(v) = dv forall v € E. Using f = ¢ the identity
on F, we get from part (i) that there exists a unique linear map 7g : C(E) — E
satisfying ng o ig = ¢.

. Assume that ¢ : E — F is linear. First observe that for all v € E, one has

TE (P4 (0v)) = (7F 0 ¢4)(0v) = mr(d+(ie(v))) by def. of ig
mr(ir(¢(v))) by (i),

=u(o(v)) by (iii),

= ¢(v) as ¢ is the identity map,

= ¢(me(te(v))) by (i),

= ¢(me(dv)) by the def. of ig.

Now ¢ is linear by hypothesis, and g, 7 and ¢. are linear by parts (iii) and (ii)
respectively. As a consequence the compositions ¢pong and 7mr 0. are linear (see
§1.10). The above calculation shows that the two linear maps agree on the basis
{6v}. Then by the uniqueness property of either Proposition I or Proposition II,
we see that g o mg = mp 0 Px.



Now suppose that ¢ o 1g = mr o ¢ and we want to show that ¢ is linear. This
follows from the following calculation for Ay € I':

o) Av) =9 (Z AvTE O iE(v)) as g oip = ¢ by (iii)

veE veE
=¢ <Z )\Vﬂ'E((sv)) by def. of ig
veE
=¢ <7rE <Z )\vév>) as 7 is linear by (iii),
velE

= (7F 0 @) <Z >\v6v> by hypothesis

veE

= Z Mv(Trod.)(6y) as mr o ¢u is linear

veE

= Z MAv(pomr)(dv) by hypothesis
veE

= Z MAv(pomg) (ie(v)) by def. of ig

veEE

=> ANo(v) asmpoip=.by (i)

veE

(v). Let us show that the generators of N(F) are in ker mg:

TE(Oxatub — Mo — 1) = TE(Oxa+ub) — ATE(da) — e (d) as wg is linear by (iii)

= wE(iE()\a + ,ub)) — )\TI'E(ZE(CL)) — /MTE(’ZE(Z))) by the def. of ig
=Xa+pub—Xda—pub aswgoip =1
=0.
Since the generators of N(E) are in ker mg, we get that any linear combination
of the
6)\a+,ub — )\5a — [M;b
are in ker mg. Since N(E) is generated these elements we get N(E) C ker 7.

On the other hand suppose ), . Aada € kermg. Observe that do € N(E) by
taking A = 0 = p in generators above and that by induction elements of the form

Z Aiba; — 52;’:0 Xia;
1=0m

are in N(F) for A\; € I" and a; € E. Then

0=7g (Z Aa5a> by hypothesis and def. of ker ¢

ackE

= Z Aa7rie(a) as 7 is linear and by the def. of ig
acE

= E Ae@ as mg oig = ¢ from (iii)

a€k

Now since 0 = > . Aaa

D Xaba =D Xaba =05, xea + 00 € N(E)

acE acE



as the difference of the first two summands is in N(E) and so is do.

1.3. Subspaces and Factor Spaces: Exercises.

1. a) This is a subspace. Indeed let
Foi={(¢,6,8) € el ¢ =¢ =€),
Then
v,weF, = v=(£6¢6), andw= (", X%, x")
forsome £,x7 €T, ¢ == x'=x>="
= vtw=(+xLE X E X7, with € +xT =+ =6+ 7
= v+wEeE F,.
Similarly
veF, el = v=(¢,6,¢,
for some ¢' €T, ¢' =¢* =¢%
= A-v = (A A2 AEY), with A = A2 = \e?
= A\v € Fj,.
¢) This is a subspace. Indeed let
Fo:={(£,6,¢)|¢ el ¢ =¢ ¢,
Then
v,w e Fe=v=(¢,6,¢), and w = (x",x" ")
for some £,y €T, €' =62 - x' =+ —°
= vtw= (€ +xLE % XY, with € +x" =674+~ (€8 +x7)
= v+weF..
Similarly
veF, el =v= (66,
for some §i erl, 51 = 52 — 53,
= A-v = (A A NEY), with Aeh = \(€% — &%) = Ae? — &P
= Av € F..

Hence it is a subspace.
d) This is not a subspace. Indeed let

Sq:={(¢",€%,&°) € e, ¢ =1}

then (1,0,0) € Sg, but (1,0,0) + (1,0,0) = (2,0,0) & Sa.
3. a) The subspace

Fo:={("& &) el = =¢
has as a basis B, = {(1,1,1)}. Indeed if
veF, = v= (¢
for some £ € T, with &' =¢2=¢3
= v=(,6,¢)=¢0111).
(so (1,1,1) spans F,) and
(0,0,0) = A(1,1,1) = (A, A, Q) for some A € T = A =0,



(so (1,1,1) is linearly independent). To find a basis of the quotient space we need
to enlarge B, by adding two addition vectors to form a basis of I'®. For such vectors
one might take e; = (1,0,0),e2 = (0,1,0) (there are infinitely many other pairs of
vectors that will also work). We need to show that B, U {e1,e2} forms a basis of
I'*. Indeed

vel® —=v= (51,52,53) for some &%,
=v=( M=t =Cer+fe+(111) e —e)
= -1+ (€ - e +£(1,1,1)
(so B, U {e1, ez} spans I'*) and
(0,0,0) = A'er + Ae2 + A?(1,1,1) for some A €T
= (A H AT A0
=M+ =X+ =N =0
= MN=XN=X=0
(so BoU{e1, ez} consists of linearly independent vectors). If we let 74 : re— F3/Fa
be the canonical projection, then {m,(e1),ma(€2)} is a basis of the quotient space.

¢) F. has basis B. = {(1,1,0),(—1,0,1)} (it has infinitely many other pairs of basis
elements so you may have come up with a different pair). Indeed

veF. = v=(¢¢8) with ¢ =& - &,
= v =(6,6,6)=(-¢6,6,6) = (6,0 +(-€,0,8)
=£%(1,1,0) 4+ £°(—1,0,1).
This proves that B. spans F.. Now
(0,0,0) = A*(1,1,0) + A*(—=1,0,1) for some A' € T
— (0,0,0) = A*(1,1,0) + A*(=1,0,1) = (A* = X}, X2 \%)
= N =0=\.

Hence B, consists of linearly independent vectors. Then B, is a basis for F.. To find
a basis of the quotient space we need to enlarge B. by adding an addition vector
to form a basis of I'*. For such a vector one might take e; = (1,0,0). We need to
show that B. U {e1} forms a basis of I'®. Indeed

vel? = v=(¢e ¢ for some £,
= v=( ) =+ ety =¢ler +£((1,1,0) —e1) + £((=1,0,1) + 1)
= (€ - €+ +67(1,1,0) + £7(~1,0,1)
(so B U {e1} spans I'*) and
(0,0,0) = Aer + A%(1,1,0) + A*(—=1,0,1) for some \' € T
= (A" FAT =A%)
=M=+ =22=N=0
= A =X=X=0
(so B U {e1} consists of linearly independent vectors). If we let . : T'* — T'*/F.

be the canonical projection, then {m.(e1)} is a basis of the quotient space.
d) The subspace generated by Sq is

Fo={(€",€e,6) ¢ er}=1"



Indeed e; € Fy and so are the standard basis vectors
62:(1,1,0)791€Fd, 93:(1,1,1)781762€Fd

as any linear combination of elements in Fy are in Fy (this follows from the definition
of the subspace generated by a set). Hence any vector (£*, €3, €3) = ¢'e; +£%ea+&%e3
is in Fy. Now the quotient space is F3/Fd =0.

5. a)

vel® =v= ({1,52,53) for some &%,
=v=( ) =t +es =Cer + e +((1,1,1) —er —e)
= (€' —&er + (£~ )ea +€7(1,1,1)
so that v € Fy, + Fy = Fo + Fp.
b)
vel? = v=(¢e 6% for some £,
=v=(.€ ) =i+ + s = e +£((1,1,0) —e1) +£°((~1,0,1) + e1)
= (€ -+ e +€7(1,1,0) + £7(-1,0,1)

so that v € Fy + Fp.

vel? = v=(¢e 6% for some &,
(€€ =er+ e+ ez =¢er +€7((1,1,0) —er) +£°((=1,0,1) +e1)
= (¢~ +€)er +€°(1,1,0) +£°(~1,0,1)
= (€ =€ +E)(=(1,1,0) = (=1,0,1) + (1,1,1) + €*(1,1,0) + £*(~1,0,1)
= (€ -€+E)LLD + (=€ +26 =€) (1,1,0) + (=€ +£°)(=1,0,1)
so that v € F, + F..
Now if v = (£,£%,¢%) € F, N Fy, then ¢' = ¢ = ¢ = 0. Thus F, N F, = {0}.
Hence F, ® F, = I'>.
If v = (£4,6%,6%) € Fy N F., then &' = ¢ — ¢% and €% = 0. Hence a vector like
(1,1,0) € Fy N Fe. In fact such a vector forms a basis of F, N F, as it spans Fp N Fe:
v=(,,€)eRNF withe =¢° -, =0
= ¢ =& andv = (£,6%,0) = ¢'(1,1,0).
Thus Fp + F. is not a direct sum.
Ifv=(¢62,¢%) € Fun Fe, then ¢' = €% = ¢3 and ¢' = ¢ — €3, so that ¢' = ¢% =
€ =0. Thus F, N F. = {0}. Hence F, & F. =T3.
10. We need to show that £+ + E_- = E and Ey N E; = 0. We have that if ve E_ N E4,
then —v =w(v) as v € E_ and v=w(v) as v € E;. Hence v = —v and thus 2v = 0.
Since 2 is invertible in any field of characteristic zero we can multiply through by 1/2

to get v=0. Hence Fy N E; = 0.
Let u € F be an arbitrary element. Then

(2) u=

where

— vV =

u+tw(u) u-—w(u)

y (u + w(u)) w(w) +w?(u) _ utwl)

and




12.

as w? = I. Hence

u+ w(u)

2

Then equation (2) tells us that E = E_ + E.
Take any distinct two lines 1, F2 and a plane E3 not containing the two lines. This
should give us E; N E; = 0 and E; + F» + E3 = T3 but E; N (E; + Ei,) # {0}
for certain 1,7,k distinct. For example take F1 = I'(1,0,0) = {(v,0,0)|,v € T},
Ey =T(1,1,0) = {(7,7,0) |, € T} and E3 = {(0,£2,£3) | £ € I'}. Tt is straightforward
to see that EyNE> = {0}, E1NEs = {0} and E2NEs = {0}. Note E1N(E2+Es3) # {0}
as (1,0,0) = (1,1,0) — (0,1,0) € E1 N (E2 + E3). Moreover

e, € i+ FEx+Fs, i=1,2,3,
so that I'® = Fy + E> + E5 as €1, ez, e3 span .

u—w(u)

E_.
5 S
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