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Examination in Math 502 Advanced Linear Algebra, 2007-10-30

1. Define a linear map ψ : R4 → R2 by

ψ(ξ1, ξ2, ξ3, ξ4) := (−ξ1 + 7ξ2 + 5ξ3,−9ξ2 + 7ξ3 − ξ4).

a) Is ψ surjective?

b) Let ι : R2 → R2 be the identity map. Find a linear map χ : R2 → R4 such that
ψ ◦ χ = ι.

Sln: a). (This was a variation of the 1. b) of the practice exam.) Lets show that it is surjective.
Observe that

ψ(−1, 0, 0, 0) = (1, 0) = e1

ψ(0, 0, 0,−1) = (0, 1) = e2.

Hence e1, e2 ∈ imψ, which implies that R2 = imψ so that ψ is surjective.
b). We know that

ψ(−1, 0, 0, 0) := (1, 0) = e1, ψ(0, 0, 0,−1) := (0, 1) = e2

Define χ(e1) := (−1, 0, 0, 0) and χ(e2) := (0, 0, 0,−1) and we extend this linearly so

χ(λ1, λ2) = χ(λ1e1 + λ2e2) = λ1χ(e1) + λ2φ(e2) = (−λ1, 0, 0,−λ2).

Then
ψχ(λ1, λ2) = ψ(−λ1, 0, 0,−λ2) = (λ1, λ2).

Thus ψ ◦ χ = ι. There are numerous other ways to define a χ that also satisfies ψ ◦ χ.

2. Let V and W over Γ and let C(V ×W ) denote the free vector space on the set V ×W with
canonical inclusion ιV×W : V ×W → C(V ×W ) given by ιV×W (v, w) := δ(v,w). Consider
the subspace B spanned by elements of the form

δ(v+v′,w) − δ(v,w) − δ(v′,w) (1)
δ(v,w+w′) − δ(v,w) − δ(v,w′) (2)

aδ(v,w) − δ(av,w) (3)
δ(av,w) − δ(v,aw) (4)

for a ∈ Γ, v,v′ ∈ V , and w,w′ ∈W .
The quotient space C(V ×W )/B is be denoted by V ⊗W and is called the tensor product tensor

productof V and W . The equivalence class of an element δ(v,w) in V ⊗W is denoted by v ⊗ w.
In other words v ⊗ w = δ(v,w) + B. Let π : V ×W → V ⊗W denote the inclusion ιV×W

followed by the canonical projection so that (v,w) 7→ v⊗w. Show that if b : V ×W → U is
a bilinear map, then there exists a unique linear map B : V ⊗W → U satisfying B ◦ π = b.
In other words the diagram to the right is commutative.

V ×W - V ⊗W
π

@
@

@
@@R

b
?

B

U

Sln: (This was problem 3 on the practice exam.) Now by the universal mapping property of
C(V ×W ) there exists a unique linear map B̄ : C(V ×W ) → U satisfying B̄ ◦ iV×W = b. Since b

V ×W - C(V ×W )
ιV×W

@
@

@
@@R

b
?

B̄

U

is bilinear we get

B̄(δ(v+v′,w) − δ(v,w) − δ(v′,w)) = B̄(δ(v+v′,w))− B̄(δ(v,w))− B̄(δ(v′,w))
= b(v + v′,w)− b(v,w)− b(v′,w) = 0,

B̄(δ(v,w+w′) − δ(v,w) − δ(v,w′)) = B̄(δ(v,w+w′))− B̄(δ(v,w))− B̄(δ(v,w′))
= b(v,w + w′)− b(v,w)− b(v,w′) = 0,

B̄(aδ(v,w) − aδ(v,w)) = B̄(aδ(v,w))− B̄(δ(av,w))
= b(a(v,w))− b(av,w)) = 0,

B̄(aδ(v,w) − δ(v,aw)) = B̄(aδ(v,w))− B̄(δ(v,aw))
= b(av,w)− b(v, aw) = 0.
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Since elements in (1), (2), (3) and (4) form a spanning set for B, have B̄(B) = 0. If we let
π̄ : C(V × W ) → V ⊗ W = C(V × W )/B denote the canonical projection, then by the First
Isomorphism Theorem there exists a unique linear map B : V ⊗W → U such that B ◦ π̄ = B̄.
Since π = π̄ ◦ ιV×W , we get B ◦ π = B ◦ π̄ ◦ ιV×W = B̄ ◦ ιV×W = b..

3. Let ι of a vector space E to itself.
a) Prove that if π : E → E is a projection operator, then ω := 2π − ι is an involution.

b) Prove that if Ω : E → E is an involution, then Ω = 2Π−ι for some projection operator
Π : E → E.

Sln: (This was problem 4 from section 2.4 whose solution was written up for you earlier.) Suppose
π is a projection of E. Then π2 = π ◦ π = π. Set ω = 2π − ι where ι is the identity map on E.
Then

ω2 = (2π − ι) ◦ (2π − ι) = 4π2 − 2π ◦ ι− 2ι ◦ π + ι2 = ι

as π2 = π and ι2 = ι. Since π and ι are linear so is ω. From the above calculation ω must then be
an involution.

Now suppose Ω is an involution defined on E. Set Π = 1
2 (Ω + ι) where ι is the identity map

on E. Then

Π2 =
1
4
(Ω + ι) ◦ (Ω + ι) =

1
4
(Ω2 + ι ◦ Ω + Ω ◦ ι+ ι2) =

1
4
(2Ω + 2ι) = Π,

as ι◦Ω = Ω◦ ι = Ω and Ω2 = ι. Since Ω and ι are linear, so is Π. Hence Π is a projection operator.

4. Given a pair of dual basis {v∗k | 1 ≤ k ≤ n} and {vk | 1 ≤ k ≤ n}, of E∗ and E respectively,
show that the bases

{v∗1 +
n∑

k=2

λkv∗k,v
∗
2, . . . ,v

∗
n}

and
{v1,v2 − λ2v1, . . . ,vn − λnv1}

are again dual bases.

Sln: (This was chapter 2 section 6’s problem number 4 whose solution was written up for you
earlier.)

〈x∗1 +
n∑

ν=2

λνx∗ν ,x1〉 = 〈x∗1,x1〉+
n∑

ν=2

λν〈x∗ν ,x1〉 = 1

〈x∗1 +
n∑

ν=2

λνx∗ν ,xk − λkx1〉 = −λk〈x∗1,x1〉+
n∑

ν=2

λν〈x∗ν ,xk〉

= −λk + λk = 0 for 2 ≤ k ≤ n.

Moreover for 2 ≤ ν ≤ n,

〈x∗ν ,x1〉 = 0,
〈x∗ν ,xk − λkx1〉 = 〈x∗ν ,xk〉 = δν,k.

5. Let E∗ and E be dual spaces with respect to the non-degenerate bilinear form 〈 , 〉. Suppose
F ⊂ E and H∗ ⊂ E∗ are subspaces. Consider the assignment

〈 , 〉π : H∗/H∗ ∩ F⊥ × F/F ∩ (H∗)⊥

given by
〈v̄∗, ū〉π := 〈v∗,u〉

for all v̄∗ ∈ H∗/H∗ ∩ F⊥ and ū ∈ F/F ∩ (H∗)⊥.
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a) Show 〈 , 〉π is well defined.

b) Show 〈 , 〉π is linear in the first entry. (It is also linear in the second entry, but you
don’t need to show this.)

c) Show 〈 , 〉π is non-degenerate.

Sln: We went over a simpler example than this problem in class where we only considered
H∗ = E∗. a):

v̄∗ = w̄∗ and ū = z̄ =⇒ v∗ −w∗ ∈ H∗ ∩ F⊥, u− z ∈ F ∩ (H∗)⊥

and v∗,w∗ ∈ H∗, u, z ∈ F
=⇒ 〈v∗ −w∗,u〉 = 0 = 〈v∗ −w∗, z〉

as , u, z ∈ F, v∗ −w∗ ∈ H∗ ∩ F⊥

and 〈v∗,u− z〉 = 0 = 〈w∗,u− z〉
as u− z ∈ F ∩ (H∗)⊥, v∗,w∗ ∈ H∗

=⇒ 〈v∗,u〉 = 〈w∗,u〉, 〈v∗, z〉 = 〈w∗, z〉
and 〈v∗,u〉 = 〈v∗, z〉, 〈w∗,u〉 = 〈w∗, z〉

=⇒ 〈v̄∗, ū〉π := 〈v∗,u〉 = 〈w∗,u〉 = 〈w∗, z〉 = 〈w∗, z〉 = 〈w̄∗, z̄〉π

This proves that 〈 , 〉π is well defined.
b).

〈v̄∗ + w̄∗, ū〉π = 〈v∗ + w∗, ū〉π by the definition of addition of vectors in quotient spaces
= 〈v∗ + w∗,u〉 by the definition of 〈 , 〉π
= 〈v∗,u〉+ 〈w∗,u〉 as 〈 , 〉 is bilinear
= 〈v̄∗, ū〉π + 〈w̄∗, ū〉π by the definition of 〈 , 〉π

Similarly

〈λv̄∗, ū〉π = 〈λv∗, ū〉π by the definition of scalar multiplication in quotient spaces
= 〈λv∗,u〉 by the definition of 〈 , 〉π
= λ〈v∗,u〉 as 〈 , 〉 is bilinear
= λ〈v̄∗, ū〉π by the definition of 〈 , 〉π

c). Suppose for fixed v̄∗ ∈ H∗ one has 〈v̄∗, ū〉π = 0 for all ū ∈ F/F ∩ (H∗)⊥. Then 〈v∗,u〉 = 0
for all u ∈ F . Hence v∗ ∈ H∗ ∩ F⊥. Hence v̄∗ = 0. Similarly suppose for fixed ū ∈ F/F ∩ (H∗)⊥

one has 〈v̄∗, ū〉π = 0 for all v̄∗ ∈ H∗/H∗ ∩ F⊥. Then 〈v∗,u〉 = 0 for all v∗ ∈ H∗. Hence
u ∈ F ∩ (H∗)⊥. Hence ū = 0.
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