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Examination in Math 502 Advanced Linear Algebra, 2007-10-30

1. Define a linear map ¢ : R* — R? by
(€1, €%,6%,6%) = (=€ + 767 +56%,-96% + 767 — &),
a) Is v surjective?
b) Let ¢ : R? — R2 be the identity map. Find a linear map y : R?> — R* such that
Pox=ut.

Sln: a). (This was a variation of the 1. b) of the practice exam.) Lets show that it is surjective.
Observe that

1,[)(*1,0,0,0) = (170) =€
¢(07070a _1) - (O, 1) = €9.

Hence e}, ey € im1), which implies that R? = im1) so that ¢ is surjective.
b). We know that

$(—1,0,0,0) == (1,0) = ey, (0,0,0,—1) = (0,1) = e,
Define x(e1) := (—1,0,0,0) and x(ez2) := (0,0,0,—1) and we extend this linearly so
X(A1; A2) = x(Are1 + Azez) = Aix(er) + Aadp(ez) = (—A1,0,0,—A2).

Then
X (A1, A2) = P(=A1,0,0, =X2) = (A1, A2).

Thus ¥ o x = ¢. There are numerous other ways to define a x that also satisfies 1 o x.
2. Let V and W over I and let C(V x W) denote the free vector space on the set V' x W with

canonical inclusion vy xw : V x W — C(V x W) given by tyxw (v, w) := 0(,,). Consider
the subspace B spanned by elements of the form

Ovvi,w) = Ov,w) — O(vr,w) (1)
(v, whw) — O(v,w) — O(v,w) (2)
ad(v,w) = O(av,w) (3)
d(av,w) = O(v,aw) (4)

forael,v,v' eV, and w,w' € W.

The quotient space C(V x W) /B is be denoted by V @ W and is called the tensor product tensor

of V and W. The equivalence class of an element (y w) in V' ® W is denoted by v ® w. product
In other words v @ w = §(y,) + B. Let 7 : V. x W — V @ W denote the inclusion vy .w VS W
followed by the canonical projection so that (v, w) — v®@w. Show that ifb: VxW — U is
a bilinear map, then there exists a unique linear map B : V ® W — U satisfying Bow = b.
In other words the diagram to the right is commutative.

Sln: (This was problem 3 on the practice exam.) Now by the universal mapping property of
C(V x W) there exists a unique linear map B : C(V x W) — U satisfying B o iy xw = b. Since b
is bilinear we get

B(a(v—&-v’,w) - 5(v,w) - 5(v’,w)) = B((S(v+v’ w) ) B(d(v w) ) - 7(5(v/,w))
b(v+v,w)—bv,w)—b(v,w) =0, V. xW
B((S(v,w+w’) - 6(v,w) - 6(v,w’)) = B(é(v,erw’)) - B((S(v,w)) - (6(v,w’))
b(v,w+w') —bv,w) —b(v,w') =0,
B(aé(ww) — aé(v7w)) = B(aé(v7w)) — B(é(av,w))
b

B(a(s(v,w) - 6(v,aw)) = B(a(s(v,w)) - B((s(v,aw))
=b(av,w) — b(v,aw) = 0.
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Examination in Math 502 Advanced Linear Algebra, 2007-10-30

Since elements in (1), (2), (3) and (4) form a spanning set for B, have B(B) = 0. If we let
7:C(VxW)—=VeW=CV xW)/B denote the canonical projection, then by the First
Isomorphism Theorem there exists a unique linear map B : V. ® W — U such that Bo7w = B.
Since t =T otyxw, we get Bor=BoTowyxw = Bowyxw =b..
3. Let ¢ of a vector space E to itself.
a) Prove that if 7 : E — F is a projection operator, then w := 27 — ¢ is an involution.

b) Prove that if Q : E — FE is an involution, then © = 2IT— for some projection operator
II: £ — FE.

Sln: (This was problem 4 from section 2.4 whose solution was written up for you earlier.) Suppose
7 is a projection of E. Then 72 = mo7m = 7. Set w = 27 — ¢ where ¢ is the identity map on E.
Then
wWw=2r —1)o(2m —1) =4n® —2moL—om +12 =1

as 2 = 7 and 2 = . Since 7 and ¢ are linear so is w. From the above calculation w must then be
an involution.

Now suppose 2 is an involution defined on E. Set II = %(Q + ¢) where ¢ is the identity map
on K. Then

1 1
H2:Z(Q—i—b)O(Q—i—L):Z(Q2+LOQ+QOL+L2):£(2Q+2L):H,

as 1o = Qor = Q and Q2 = 1. Since Q and ¢ are linear, so is II. Hence II is a projection operator.

4. Given a pair of dual basis {v; |1 <k <n} and {vi |1 <k <n}, of E* and E respectively,
show that the bases .
{vi+ Z AV, Ve, o, v}
k=2
and
{V17V2 — )\2V1, ey Vi — )\nvl}

are again dual bases.

Sln: (This was chapter 2 section 6’s problem number 4 whose solution was written up for you
earlier.)

<X*1 + Z)\VX*V,X1> = <X*1,X1> + Z)\V<X*V,X1> =1
v=2

(x* 4 z AX X — X)) = =M (x*h xg) + Z A (X xp)
v=2

v=2
=X+ =0for2<k<n.

Moreover for 2 < v < n,
<X*V7 X1> = 07
(X™, X — ApX1) = (X, X)) = Op k-

5. Let E* and F be dual spaces with respect to the non-degenerate bilinear form ( , ). Suppose
F C F and H* C E* are subspaces. Consider the assignment

(, Ve H*JH*NF+* x F/Fn(H*)*

given by
(¥, 0)r == (v, u)

for all v* € H*/H* N FL+ and 6 € F/F N (H*)*.
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a) Show ( , ). is well defined.

b) Show ( , ), is linear in the first entry. (It is also linear in the second entry, but you
don’t need to show this.)

c) Show ( , )r is non-degenerate.

Sln: We went over a simpler example than this problem in class where we only considered
H* = E*. a):
anda=z=—=v' —w' € H*'NFY u—zec Fn(H")"*
and v, w* € H*, u,z€ F
= V' —wu)=0=(v'—w",z)
as, wzeF, vi —w*e H' NF*
and (vi,u—z)=0=(w",u—z)
as u—zc FN(H"), v, w*e H*
= (v',u) = (w*,u), (v*,z)=(w" z)
and (v, u) = (v, z), (w" u)=(w" z)

= (V" 1), := (v u) = (W', u) = (w* z) = (W' z) = (W Z),

This proves that { , ), is well defined.

b).
(V¥ 4+ w*, ), = (Vi +w*, @), Dby the definition of addition of vectors in quotient spaces
= (V"' +w" u) by the definition of { , ),
= (v*,u) + (w*,u) as ( , ) is bilinear
(v*,0)x + (W*, @), by the definition of { , )
Similarly
(AV*, @), = (A\v*, 1), by the definition of scalar multiplication in quotient spaces

= (Av*,u) by the definition of { , ).
= X\v*,u) as { , ) is bilinear
= \(v*, 1), by the definition of ( , ).

c). Suppose for fixed v* € H* one has (v*, 1), = 0 forall i € F/FN(H*)*. Then (v*,u) =0
for all u € F. Hence v* € H* N F*. Hence v* = 0. Similarly suppose for fixed 6 € F/F N (H*)*
one has (v*, 1), = 0 for all v* € H*/H* N F*+. Then (v*,u) = 0 for all v* € H*. Hence
ue Fn(H*)". Hence u = 0.
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